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Preface

This thesis summarizes the work done during my time as a PhD student at the De-
partment of Physics and Nanotechnology, Aalborg University, Denmark, from August
2006 to July 2009. Throughout my PhD studies I have been under skilled supervision
of both Associate Professor Thomas Søndergaard and Professor Dr. Scient. Sergey
I. Bozhevolnyi. From April 2008 to October 2008 I had the pleasure of a research
stay abroad in the group of Professor Francisco J. Garcia-Vidal at the Department
of Theoretical Condensed Matter Physics, Autonomous University of Madrid, Spain.
My work during the PhD can be divided into three subjects all related to the in-
teraction between light and metallic micro- and nanostructures. A field of research
which has emerged as a subfield of nano-optics and nowadays is known as plasmonics.
The three subjects investigated are; guiding of plasmon polariton waves by different
metallic waveguides, metallic nanostructures and their resonant field enhancement
and light scattering properties, and superlensing properties of holey metal films. The
thesis is based on six journal papers and one manuscript which is in review. A full
list of all my journal and conference papers can be found in Chap. 7.

Outline of the thesis

Chap. 1 is meant as an introduction to the physics of surface electromagnetic modes
bound to and propagating along metal-dielectric interfaces. Such surface modes are
known as surface plasmon polaritons (SPPs). After some general remarks on the
theoretical foundation, SPPs are defined, the criteria for their existence is discussed,
and their fundamental properties for planar metal-dielectric interfaces and in simple
metallic nanostructures are presented. Chap. 2 presents the first subject; plasmonic
waveguides and is linked to the two first papers presented in App. A and B, respec-
tively. Chap. 3 presents an introduction to nanometer thin and sub-micron wide metal
strip resonators and their resonant field enhancement and light scattering properties.
A presentation of the Green’s function surface integral equation method is given. This
presentation is connected to the third paper presented in App. C, and is followed by
an introduction to the two papers of App. D and E. Chap. 4 presents a short introduc-
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tion to superlenses and to the work on superlensing properties of holey metal films.
This includes an introduction to the two papers presented in App. F and G. Lastly a
short summary, first in English and second in Danish (Chap. 5 and 6, respectively),
is given.
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Chapter 1

Introduction

The purpose of this introduction is first to present some general remarks on the the-
oretical foundation of the results presented in this thesis; the macroscopic Maxwell
equations, and second to introduce SPPs. In subsequent sections, the fundamental
properties of SPPs on planar metal surfaces and in simple nanostructures such as
nanometer thin metal films and nanometer thin dielectric gaps between metal sur-
faces will be presented. Attention will also be given to spoof SPPs and to localized
surface plasmons (LSPs) in metallic nano-particles.

1.1 General remarks on the theoretical foundation

The theoretical foundation of the results presented in this thesis is the classical
Maxwell equations in macroscopic form which may be written as

∇×E(r, t) = −∂B(r, t)
∂t

, (1.1a)

∇×H(r, t) =
∂D(r, t)
∂t

+ j(r, t), (1.1b)

∇ ·D(r, t) = ρ(r, t), (1.1c)
∇ ·B(r, t) = 0, (1.1d)

where E(r, t) is the space and time dependent macroscopic electric field vector,
H(r, t) is the magnetic field vector, D(r, t) is the electric displacement, B(r, t) is the
magnetic induction, j(r, t) is the free current density vector, and ρ(r, t) is the free
charge density [1,2]. By solving Maxwell’s equations the electromagnetic field can be
found, however, in order to use the Maxwell equations to find a solution if material
bodies are present, constitutive relations, that describe the electromagnetic properties
of the materials, must be available. Within most practical applications, and in all
results presented in this thesis, the material parameters are either modeled by simple
classical response theory or taken from experiments of other scientists as, e.g., in
Refs. [3,4]. Generally the constitutive relations relate D(r, t) to E(r, t) and H(r, t)
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to B(r, t) via the macroscopic polarization P(r, t) and magnetization M(r, t) as

D(r, t) = ε0E(r, t) + P(r, t), (1.2a)

H(r, t) = µ−1
0 B(r, t)−M(r, t), (1.2b)

where ε0 is the vacuum permittivity and µ0 is the vacuum permeability. In most cases
time-harmonic (or monochromatic) fields are assumed. For time-harmonic fields the
Maxwell equations take the form

∇×E(r, ω) = iωB(r, ω), (1.3a)
∇×H(r, ω) = −iωD(r, ω) + j(r, ω), (1.3b)
∇ ·D(r, ω) = ρ(r, ω), (1.3c)
∇ ·B(r, ω) = 0, (1.3d)

where the dependence of the fields amplitude on ω is explicitly written in the argu-
ments. More generally, the Maxwell equations can be time-Fourier transformed and
E(r, ω) can be seen as the time-Fourier transformed of E(r, t). In many cases the
media analyzed can be considered local, linear, and isotropic which yield constitutive
relations in the frequency domain as

D(r, ω) = ε0ε(r, ω)E(r, ω), (1.4a)
B(r, ω) = µ0µ(r, ω)H(r, ω), (1.4b)
jc(r, ω) = σ(r, ω)E(r, ω), (1.4c)

where ε(r, ω) = 1 + χe(r, ω) is the relative permittivity (often denoted the dielec-
tric constant) and µ(r, ω) = 1 + χm(r, ω) is the relative permeability, where χe(r, ω)
and χm(r, ω) are the electric and magnetic susceptibilities, respectively. The po-
larization is given as P(r, ω) = ε0χe(r, ω)E(r, ω), the magnetization is given as
M(r, ω) = χm(r, ω)H(r, ω), jc(r, ω) is the induced conduction current density, and
σ(r, ω) is the conductivity. By utilizing the Maxwell curl equations in frequency
space [Eqs. (1.3a) and (1.3b)], the constitutive relations [Eq. (1.4)], and by spitting
the current density vector into a source current density vector js(r, t) and an induced
conduction current density vector jc(r, t), j(r, ω) = jc(r, ω) + js(r, ω) [2], the wave
equation of the macroscopic electric field vector can be expressed as

∇× µ−1(r, ω)∇×E(r, ω)− ω2

c2

(
ε(r, ω) +

iσ(r, ω)
ωε0

)
E(r, ω) = iωµ0js(r, ω), (1.5)

where c = 1/
√
ε0µ0 is the speed of light in vacuum. Commonly a complex dielectric

constant is introduced by replacing ε(r, ω) + iσ(r, ω)/(ωε0) in Eq. (1.5) with ε(r, ω),
which thus becomes complex for materials with σ(r, ω) 6= 0 [2]. For non-magnetic
materials and for problems without current sources [µ(r, ω) = 1 and js(r, t) = 0],
Eq. (1.5) simplifies as

∇×∇×E(r, ω)− ω2

c2
ε(r, ω)E(r, ω) = 0, (1.6)

where it is important to note that ε(r, ω) now is the complex dielectric constant where
energy dissipation due to Ohmic losses is associated with its imaginary part. Similarly
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a homogenous wave equation in terms of the macroscopic magnetic field vector for
local, linear, isotropic, and nonmagnetic media, without sources can be constructed
as

∇× 1
ε(r, ω)

∇×H(r, ω)− ω2

c2
H(r, ω) = 0. (1.7)

Both Eq. (1.6) and Eq. (1.7) have the form of eigenvalue equations. In a homogenous
medium the dielectric constant is independent of the position r and Eqs. (1.6) and (1.7)
simplify to the homogenous Helmholtz equations

[
∇2 + ε(ω)

ω2

c2

]
E(r, ω) = 0, (1.8a)

[
∇2 + ε(ω)

ω2

c2

]
H(r, ω) = 0. (1.8b)

For many electromagnetic problems the structures analyzed can be subdivided into
several homogenous domains on which the Helmholtz equations can be applied. By
utilizing these and by connecting the separate solutions via the electromagnetic bound-
ary conditions, the electromagnetic field of the entire structure can be determined [2].
The homogenous Helmholtz equation for the magnetic field is, e.g., the starting point
of the derivation of the Green’s function surface integral equation method for p polar-
ization, which is studied and further developed within this PhD project (see Sec. 3.2
for details).

Plane waves are solutions to the Helmholtz equations. From the Helmholtz equa-
tions their dispersion relation ω(k) can be found as

c2k2

ω2
= ε(ω). (1.9)

If the dielectric constat is independent of the frequency, Eq. (1.9) is known as the
light line, and form a straight line with a slope of c/

√
ε.

1.2 Introduction to surface plasmon polaritons

It has long been well known that some solids, like an electron gas, support collective
motion of the electrons, known as a plasma oscillations [5]. The quantum of elemen-
tary excitation (or quasi-particle) associated with such a plasma oscillation is known
as a plasmon (or volume plasmon to be rigorous). The quanta of energy of a volume
plasmon is given as

~ωp = ~

√
ne2

ε0m0
,

where ωp is the plasma frequency, ~ is the reduced Planck’s constant, n is the free
electron density, e is the electron charge, and m0 is the mass of a free electron. Many
properties of solids with free electrons can be determined by studying the electron
plasma, where the sea of free conduction electrons can be seen as a high density
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electron liquid [6]. Volume plasmons in metals are longitudinal in nature and can be
excited by shotting fast electrons into the metal [7,6].

Another quasi-particle is a polariton. When photons propagate in a material they
excite the medium, and as a consequence the permittivity and/or the permeability
of the material are different from unity [8]. Propagation of photons in a medium can
therefore be described as an admixture of the electric and magnetic fields associated
with the photon and the electric and magnetic polarizations induced in the material by
the field of the photon. Hence the propagation of light in a material simply becomes
a mixing between a photon and an excitation of the material. Such a composite wave
is as a polariton.

Surface electromagnetic waves have been studied for more than a century [9–11],
and under certain conditions, which will be discussed below, it is possible for polari-
tons to propagate along the surface of a material. A surface polariton is therefore
simply a surface electromagnetic wave that propagates along a surface [12,8]. Surface
polaritons have their electric and magnetic fields localized near the surface, meaning
that solutions to Maxwell’s equations emerge, where the electric and the magnetic
fields decay in an exponential manner away from the surface, and vary in a wave
like manner along [8]. For the surface polariton to be bound to the interface, one
of the two media needs to be surface active. A possible surface active medium is
a metal, where the free electrons of the surface will oscillate collectively in a plas-
mon like resonance with the electromagnetic field of the surface polariton. A surface
polariton propagating along the surface of a metal is in this thesis termed a surface
plasmon polariton (SPP). This name underlines the fact that the electromagnetic field
is trapped on the surface due to its interaction with the free conduction electrons of
the metal. The name is also nowadays generally accepted within the scientific com-
munity of plasmonics1 [13–16]. However, within the community there is no consistent
terminology. Some authors use the term SPP as in this thesis, some use the term
surface plasmon (SP) equivalent to the use of SPP in this thesis [6], and other never
use SPP, but distinguish between surface polariton and surface plasmon whether re-
tardation terms in the Maxwell equations are important or not [12]. The author of
this thesis has decided to use the term SPP for surface electromagnetic waves bound
to and propagating along metal-dielectric interfaces independent of the frequency or
the momentum of the quasi-particle.

The conditions under which SPPs can exist are related to the relative dielectric
constants of two media that constitute the interface. For simplicity the discussions
and treatments of SPPs in this thesis are limited to materials where nonlocal effects,
such a spatial dispersion are disregarded, and where the magnetic permeability always
is unity. A dielectric medium has a relative dielectric constant εd which is positive,
real, and to a good approximation frequency independent. The dielectric constant
of a metal εm(ω), on the other hand, is strongly frequency dependent and can both
be negative and complex. However, in the discussion of the criteria for the existence
of SPPs it is assumed that the dielectric constant of the metal is purely real. That
εm(ω) is negative, is a requisite for the existence of SPPs. As argued above, a SPP
is an electromagnetic excitation of the surface, where the charged electrons at the
metal surface oscillate collectively in resonance with the electromagnetic field. This

1Research of the interaction between light and metallic micro- and nanostructures, where SPPs
account for most of the interesting and unique optical properties.
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means that a SPP involves charges at the surface. For the charges to remain at the
surface, the component of the electric field which is normal to the surface E⊥(r, ω)
must change sign when one moves across the interface [17]. On the other hand, the
boundary conditions require that the normal component of the electric displacement
D⊥ is continuous, and as D⊥(r, ω) = ε0ε(r, ω)E⊥(r, ω), one easily realizes that the
relative dielectric constants of the two media that constitute the interface must be of
opposite sign in order to support SPPs [17]. Thus, a negative εm(ω) is a prerequisite
for the existence of SPPs. Second if the frequency ω and the wave vector of the SPP
is able to match with a bulk polariton in the dielectric, the SPP will radiate into the
dielectric. A second requirement can therefore be formulated as k‖ >

√
εdk0, where

k0 = ω/c and k‖ is the in-plane momentum of the SPP along the propagation direction
[8]. The inequality ensures that the momentum of the SPP cannot be matched with a
bulk polariton in the dielectric which has a real component of the wave vector normal
to the surface, meaning that the SPP does not radiate into the dielectric medium [8].
In other words, the dispersion relation of SPPs must lie below the light line. The
conditions can therefore be formulated as

ω <
ck‖√
εd
, εm(ω) < 0. (1.10)

If Eq. (1.10) is satisfied the energy is localized near the surface because it cannot
radiate into the dielectric or the metal (the negative dielectric constant of the metal
ensures that no bulk polaritons can exists in the metal) [8]. The result of Eq. (1.10) is
quite general, and ensures the existence of a surface polariton at any interface between
two media with dielectric constants εd and εm that fulfill the conditions, whether the
interface is a metal-dielectric interface or any other interface.

In the simplest case the interaction between light and a metal is described by a
dielectric constant on the canonical plasma form as

εm(ω) = 1− ω2
p

ω2
, (1.11)

where scattering of the electrons is ignored [12]. εm(ω) is negative for frequencies
below the plasma frequency ωp. If we consider a vacuum-metal interface with εd = 1,
the exact condition for the existence of SPPs is εm(ω) < −1, which can be seen
from Eq. (1.10) if the dispersion relation ω(k‖) is known (see details in Sec. 1.3).
εm(ω) < −1 is fulfilled for all frequencies below ωp/

√
2. Thus a vacuum-metal

interface supports propagation of SPPs in a broad spectrum of frequencies up to
ω = ωp/

√
2. The specific eigenfrequency of the SPP mode is, however, strongly de-

pendent on the size of the in-plane SPP wave vector k‖, as we shall see in the following
section.

As can be seen from Eq. (1.10), there is a momentum mismatch between a photon
in the medium outside the metal and a SPP propagating along the metal surface.
This means that a photon in the dielectric can not couple to (or excite) a SPP. There
are several ways to compensate for the momentum mismatch e.g. by placing a high-
index prism close to [18] or at [19] the surface, or to introduce gratings or roughnesses
directly on the surface [6,12]. The problem of efficient excitation of SPPs is a huge
subfield within plasmonics, and various techniques are utilized in experiments to excite
SPPs. However, as these are unimportant for the theoretical investigations and results
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presented in this thesis, the practical problem of exciting SPPs in experiments will
not be elaborated further.

1.3 Planar metal surfaces

This section presents a brief review of the fundamental properties of SPPs propagating
along a smooth infinite metal-dielectric interface. As argued above a metal-dielectric
interface can fulfill the criteria for the existence of SPPs. First the coordinate system
is chosen such that the xy-plane constitutes the interface and the SPPs propagate
along the x-axis. Suppose that for z > 0 we have a material with a dielectric constant
ε1 which is positive and frequency independent, and for z < 0 we have metal with a
dielectric constant which is both frequency dependent and complex ε2(ω) = ε′2(ω) +
iε
′′

2 (ω). As a SPP is bound to the surface the electromagnetic field which accompanies
the collective electron plasma oscillations at the surface, must decay in an exponential
manner away from the interface. SPPs are p polarized as it is easy to show that
Maxwell’s equations together with the electromagnetic boundary conditions can not
be satisfied for s-polarization if µ1(ω) = µ2(ω) = 1 [12]2. The electric field associated
with SPPs can therefore be expressed as

Eα(x, z) = E0x

[
x̂∓ kx

kzα
ẑ

]
exp(ikxx± ikzαz) (1.12)

where α = 1 and the first sign are used for z > 0, α = 2 and the second sign are used
for z < 0, kx is the component of the wave vector along the direction of propagation
(often denoted the propagation constant), kzα is imaginary, and ∇ ·D(x, z) = 0 has
been used to relate E0x to E0z. The boundary conditions are that Ex and Dz must
be continuous across the interface. This yields

ε1kz2 + ε2(ω)kz1 = 0. (1.13)

As the parallel component of the wave vector always is continuous across an interface,
we also have k2

x+k2
zα = εαω

2/c2 which combined with Eq. (1.13) yields the well known
dispersion relation that relates the propagation constant to the frequency of SPPs

k2
x =

ω2

c2
ε1ε2(ω)
ε1 + ε2(ω)

. (1.14)

By substituting Eq. (1.14) back into k2
x + k2

zα = εαω
2/c2 we can obtain an expression

for k2
zα

k2
zα =

ε2
α

ε1 + ε2(ω)
ω2

c2
, (1.15)

where εα is ε1 for z > 0 and ε2(ω) for z < 0, respectively. From Eqs. (1.14) and (1.15)
the criteria for the existence of SPPs can, with the discussion in the introduction and
Eq. (1.10) in mind, be elaborated a bit. If we shortly again assume that ε2(ω) is

2However, the interface between magnetic materials, or a magnetic and a dielectric material can
support s-polarized surface polaritons, if the magnetic material is magnetic surface active [8].
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purely real (losses in the metal are neglected), and examen Eqs. (1.14) and (1.15),
the existence of SPPs can be narrowed down to

ε1ε2(ω) < 0 and ε1 + ε2(ω) < 0, (1.16)

which coincides with Eq. (1.10) if k‖ = kx and kx is specified in terms of Eq. (1.14).
When losses are neglected, kx must be purely real for the mode to be propagating.
From Eq. (1.14) it is seen that this is possible if both the sum and the product of the
two dielectric constants are either positive or negative. For the mode to be bound to
the interface we must require that kzα is imaginary. From Eq. (1.15) it is seen that
this is only possible if the sum of the dielectric constants is negative. Hence both the
sum and the product of the dielectric constants must be negative for SPPs to exist
[2]. For the metal-vacuum interface this reduces to ε2(ω) < −1, as postulated in the
introduction.

As the dielectric constant of the metal in general is complex the propagation
constant of SPPs is also complex kx = k

′

x + ik
′′

x . The real part of the propagation
constant is associated with the wavelength of the SPP mode λspp = 2π/k

′

x, whereas
the imaginary part is associated with the internal absorption in the metal. As the
metal absorbs energy (Ohmic losses) the SPP intensity decay as the mode propagates
along the metal surface. The propagation length Lspp is defined as the length after
which the intensity has decreased by a factor of e−1, and is given as

Lspp =
1

2k′′x
. (1.17)

For a good metal like silver, which has a large but negative real part of the dielectric
constant and a relatively low imaginary part, the propagation length varies from
approximately 10 µm to above 300 µm when one moves from the beginning of the
visible spectrum (400 nm) to the near-infrared spectrum (∼ 1600 nm) [17]. The SPP
wavelength λspp, on the other hand, is always smaller than the free space wavelength
λ0. The penetration depth of the SPP mode into the materials that constitute the
interface can be found from the z component of the SPP wave vector, which when
losses are neglected is purely imaginary. The penetration depths, defined as the
distances inside the two media where the field has decayed by a factor of e−1, is given
as

δα =
1
|kzα|

, (1.18)

where again α is 1 for the dielectric and 2 for the metal. To a first approximation
the spatial extension of the field into the dielectric is in the order of the free space
wavelength, whereas the penetration into the metal is almost wavelength independent
and in the order of 30 nm for the visible and near-infrared spectrum for a good metal
like silver [17].

Now we consider the dispersion relation of SPPs [Eq. (1.14)]. By assuming that the
dielectric constant ε1 = 1 and ε2(ω) is on the canonical plasma form, the dispersion
curve can be calculated [Fig. 1.1 a)]. The red line is the dispersion relation and the
blue line represents the light line. The SPP branch is found below the SP resonance
frequency ωsp = ωp/

√
2, and below the light line, where the criteria for true surface
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Figure 1.1: a) Dispersion relation of SPPs at a planar metal-dielectric interface. The solid red line
is the solution of the SPP dispersion relation [Eq. (1.14)]. In the calculation, the canonical plasma
form of the dielectric constant is used for the metal ε2(ω) [Eq. (1.11)] and ε1 = 1 is used for the
dielectric. The solid blue line is the light line, which mark the separation between propagating and
evanescent waves in the dielectric. The two horizontal dashed lines are the plasma frequency ωp and

the SP resonance frequency ωsp = ωp/
√

2. b) Sketch of the transverse component of the electric
field of the SPP mode. Note how the field decay evanescently away from the interface, both into the
metal and the dielectric. c) Sketch of the longitudinal component of the electric field of the SPP
mode. d) Sketch of the surface charge and the electric and magnetic field distributions of the SPP
mode at the interface. The solid circulating black lines represent the electric field which lies in the
xz-plane and

⊙
(into the paper) and

⊗
(out of the paper) denote the orientation of the magnetic

field which is directed along the y axis. Note that the wavelength of the SPP mode λspp is indicated.

states are fulfilled by the dielectric constants. For frequencies well below the SP
resonance frequency the SPP dispersion branch is close to the light line, but it is,
however, always below. A momentum compensation is always necessary for the non-
radiative SPP to transform into light. As the frequency rises, the gap between the light
line and the SPP branch increases and the SPP branch goes asymptotically towards
the SP resonance frequency. In that limit, the group velocity of the SPP modes
becomes almost zero and the mode highly resembles a standing wave resonance in the
electron surface plasma. However, in the visible and near-infrared spectrum, where
metallic nano components are interesting, the SPP branch is close to the light line
[17]. The branch above the plasma frequency, that lies within the light cone, is known
as the Brewster mode [2]. Fig. 1.1 b) and c) depict sketches of the transverse and the
longitudinal component of the electric field associated with the SPP mode. For a real,
but negative, ε2(ω) there is always a π/2 phase difference between the two electric
field components. This explains why Im(Ex) is depicted in c). Fig. 1.1 d) is a sketch
of the spatial variation of the electric field, the magnetic field, and the surface charge
distributions associated with the SPP mode. The field patterns can be constructed
from the boundary conditions and by remembering that SPPs are p-polarized waves
with their magnetic field along the y-axis and their electric field in the xz-plane. The
direction of the electric field at a fixed time rotates 360◦ within the SPP wavelength
as one moves along the surface. The sense of the rotation is opposite in the metal and
in the dielectric [8]. The direction of the magnetic field is either parallel or antiparallel
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with the y-axis and the magnetic field is maximum where the circles are drawn in the
sketch [8].

1.4 Nanometer thin metal films

If two metal-dielectric interfaces are placed close together the SPPs supported by
the individual surfaces can couple and form new super-SPP modes. An example is a
nanometer thin metal film, where two super-SPP modes with different propagation
constants emerge. The two SPPs supported by the interfaces can couple in a sym-
metric and an antisymmetric fashion. If the thickness of the metal film is denoted h
and we assume that the metal film is placed in a symmetric environment described
by ε1, and the dielectric constant of the metal film is denoted ε2(ω), the dispersion
relation can be written as [20,21]

tanh(ξ2h)[ε2
1ξ

2
2 + ε2

2(ω)ξ2
1 ] + 2ε2(ω)ξ2ε1ξ1 = 0, (1.19)

where ξ2
α = −k2

zα = k2
x − εαω2/c2. Eq. (1.19) has two solutions given as

ω+ LR-SPP : tanh
(
h

2
ξ2

)
ε1ξ2 + ε2(ω)ξ1 = 0, (1.20a)

ω− SR-SPP : coth
(
h

2
ξ2

)
ε1ξ2 + ε2(ω)ξ1 = 0. (1.20b)

where the designations ω±, LR- and SR-SPP will become clear from the following
discussion. Note that for h → ∞, the two solutions both converge toward the dis-
persion relation of a single metal-dielectric interface [Eq. (1.13)]. This makes sense,
because if the film is optically thick the two super-SPP modes are completely decou-
pled and resemble regular SPP modes on each of the two interfaces of the film. The
dispersion branches of the two super-SPP modes can be depicted from the solutions
of Eq. (1.19) [Fig. 1.2 a)]. For a gold film of thickness h = 15 nm the individual SPPs
of the two interfaces have coupled and formed a high ω+ (dashed blue line) and a
low ω− frequency branch (dashed red line) which are positioned above and below (in
frequency) the dispersion branch of a regular SPP (solid black line), respectively. The
dispersion branches of the two super modes are also depicted for a film thickness of
h = 20 nm (solid red and blue lines). In general for a increasing thickness h the gap
between the two modes, both in propagation constant and in frequency, decreases.
Note that both branches always are below the light line (dot-dashed black line). For
large propagation constants both modes converge toward the SP plasma frequency
ωsp = ωp/

√
2. Fig. 1.2 b) and c) sketch the z component of the electric field of the

high and the low frequency branch, respectively. Ez of ω+ is symmetric with respect
to the mid-plan of the film, whereas it for ω− is antisymmetric.3 The longitudinal
electric field component Ex of the two solutions is sketched in Figs. 1.2 d) and e), re-
spectively. By comparing Fig. 1.2 d) to e) it can be seen that Ex of the low frequency

3Due to these symmetry properties ω+ is often denoted the symmetric SPP mode and ω− the
antisymmetric mode. However, the other electric field component Ex is antisymmetric for ω+ and
symmetric ω−, which can make the names symmetric and antisymmetric quite confusing. The author
of this thesis has therefore decided not to introduce this terminology.
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Figure 1.2: a) Dispersion relation of the two super-SPP modes of a thin metal film. A dielectric
constant on the canonical plasma form [Eq. (1.11)] is used for the metal. Dispersion relations for two
different thicknesses of the film are presented, h = 15 (dashed red and blue lines) and h = 20 nm
(solid red and blue lines). A blue line depicts a dispersion branch from the first solution [Eq. (1.20a)],
whereas a red line depicts a branch from the second solution [Eq. (1.20b)]. The solid black line is
the dispersion relation of a regular SPP of a single metal-dielectric interface. b) and d) Sketches of
the z and the x component of the electric field of the high frequency super-SPP mode, respectively.
c) and e) Sketches of the z and x component of the electric field of the low frequency super-SPP
mode, respectively.

mode is maximized inside the metal film, whereas it crosses zero in the mid-plane
of the film for the high frequency mode. As a consequence the low frequency mode
exhibits a strong decay as it propagates along the film. The high frequency mode,
on the other hand, exhibits significantly smaller attenuation than the low frequency
mode as the zero crossing in the longitudinal field component forces the electromag-
netic energy of the mode out of the metal as the film gets thinner. The low frequency
mode is therefore often denoted the short-range SPP mode (SR-SPP) and the high
frequency mode the long-range SPP mode (LR-SPP). By examining the dispersion
of the LR- and the SR-SPP mode with the thickness of the metal film [Fig. 1.3] it is
found that the splitting between them increases dramatically as the thickness of the
film is reduced. Non of the two modes exhibit cut-off with respect to the thickness.
As the electromagnetic energy of the LR-SPP is pushed out of the metal as the thick-
ness is reduced the LR-SPP converges towards a freely propagating TEM mode in the
dielectric. The SR-SPP, on the other hand, becomes more and more confined to the
metal, dramatically slowed down, and thus strongly attenuated as the thickness of the
film is reduced. The physical reason for this is that a mode with an antisymmetric
transverse electric field component cannot exist in a homogenous medium [22]. These
very different characteristics of the super-SPP modes when two (or more) SPPs couple
between spatially close metal-dielectric interfaces, are extremely essential for the dif-
ferent possible applications of plasmonic micro- and nanostructures. A large subfield
within plasmonics is devoted to the study of metallic waveguides which often take
advantage of various LR-SPP modes in different waveguide configurations. Another
large subfield within plasmonics is the development of metallic nano-antennas and res-
onators for applications within sensing and spectroscopy. The physics behind many
of these resonators can be attributed to standing wave resonances between counter-
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Figure 1.3: Dispersion with film thickness of the two super-SPP modes of a thin metal film. The free
space wavelength is λ0 = 800 nm, the metal is gold where the complex dielectric constant is linearly
interpolated from the tables presented in Ref. [4], and the environment is vacuum with ε1 = 1.

propagating SR-SPPs, that strongly enhance both the local and the scattered fields.
Both plasmonic waveguides and nano-resonators are studied within this PhD project
(see Chap. 2 and Chap 3, respectively).

1.5 Nanometer thin dielectric gaps between metal
surfaces

Another super-SPP mode which within this PhD project has been investigated in
connection with the development of metallic resonators is the symmetric (with respect
to the z-component of the electric field) coupling between SPPs supported by two
metal-dielectric interfaces separated by a nanometer thin dielectric gap. This mode
is characterized by a large electric field in the gap and is therefore conventionally
termed the gap plasmon-polariton (GPP) mode. It is in particular interesting for the
development of compact metallic nano-sensors as the large field in the gap allows for
a strong interaction between the field and a possible specimen in the gap. If the gap
size is denoted d, ε1 describes the dielectric in the gap, and the dielectric constant of
the metal is ε2(ω), the dispersion relation of the GPP mode is given as [21,23]

GPP: tanh
(
ξ1d

2

)
ε2(ω)ξ1 + ε1ξ2 = 0, (1.21)

where again ξ2
α = k2

x − εαω2/c2, where kx now is the propagation constant of the
GPP mode. A dielectric gap between either two metal films of finite thickness or
two infinitely thick metal surfaces both support the GPP mode. These configurations
also support other super-SPP modes, however, if the two films are optically thick, the
GPP mode is the only mode that exists when the gap size d approaches zero [21,23].
The dispersion with the gap size of the GPP mode, is similar to the dispersion with
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film thickness of the SR-SPP mode [Fig. 1.4]. As the gap size decrease the GPP mode
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Figure 1.4: a) Dispersion with gap size of the GPP mode for a vacuum gap between two 50 nm thick
gold films. The free space wavelength is λ0 = 800 nm, the complex dielectric constant of the gold
ε2(ω) is linearly interpolated from the tables presented in Ref. [4], and ε1 = 1. The blue line depicts
the real part of the mode index (left y-axis), whereas the red line depicts the imaginary part (right
y-axis). b) Sketch of the transverse electric field component Ez of the GPP mode. c) Sketch of the
longitudinal electric field component Ex of the GPP mode.

becomes more and more confined, considerably slowed down, and strongly attenuated.
For a given gap size d0, both the real and the imaginary part of kx of the GPP mode
are bigger than the corresponding kx of the SR-SPP mode for a metal film thickness
t0 = d0. Thus, the GPP mode is even more confined and has a shorter propagation
length than the SR-SPP mode. Sketches of the transverse and the longitudinal electric
field profiles of the GPP mode [Fig. 1.4 b) and c), respectively], show that Ez is
symmetric and Ex is antisymmetric with respect to the mid-plan of the gap. This
is similar to the LR-SPP mode of a thin metal film. As the gap size is reduced, the
zero crossing of the longitudinal field component forces the field of the GPP mode
out of the dielectric gap and into the metal, dissimilar to the LR-SPP mode which
for decreasing film thicknesses is forced out of the metal and into the dielectric. This
explains the high losses associated with the GPP mode.

1.6 Spoof surface plasmon polaritons

SPPs, as described in Sec. 1.3 to 1.5, are mainly interesting for plasmonic applications
in the visible and the near-infrared spectrum because the confinement of the electro-
magnetic field in the direction perpendicular to the metal-dielectric interface is on the
scale of (or below) the free space wavelength. This subwavelength confinement facil-
itates the used of metallic micro- and nanostructures both as subwavelength waveg-
uides and as ultra compact sensors [13]. At microwave frequencies, however, SPPs
are weakly confined. The metals become almost perfect conductors which practically
exclude the electromagnetic field, and the field of the SPP in the dielectric above
the metal extents over several tens of wavelengths [24]. As a consequence metallic
micro- and nanostructures losses their capability to operate both as subwavelength
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waveguides and as compact sensors. In fact, the electromagnetic field of SPPs, at mi-
crowave frequencies, is to a great extent similar to simple grazing radiation [24], and
in the limit of perfect conductors no bound surface mode exists. From the dispersion
relation of SPPs of a planar metal-dielectric interface [Fig. 1.1] it can be seen that
the propagation constant is large (the SPP is strongly confined) for frequencies which
are a considerable amount of the inherent plasma frequency of the metal ωp. For
frequencies well below the inherent plasma frequency the dispersion relation of SPPs
is close to the light line, meaning that the SPP is light-like and therefore will resemble
simple grazing radiation. Commonly used metals within plasmonics are noble metals
like silver and gold which have ωp in the ultra-violet spectrum. Plasma frequencies
in the ultra-violet give rise to subwavelength confined SPPs in the visible and the
near-infrared spectrum [25], which explains why plasmonic research predominantly
is focused on this spectral region. Thus, it is the intrinsic plasma frequencies of the
metals that dictate the applicable spectrums.

It has long been known that the extension of the SPP field into the dielectric
can be considerably compressed if the metal surface is perforated by a grating with
features on the subwavelength scale [26]. Even in the limit of infinite conductivity, a
surface mode can be bound if the surface is perforated with subwavelength features
[27,28]. Recently it has been shown that if a perfect conductor is perforated with
subwavelength holes, bound surface electromagnetic modes can be supported by the
surface [28,29]. Due to their mimicking characteristics and resemble of canonical
SPPs such surface modes are usually termed spoof SPPs. In Ref. [28] Pendry and
coworkers showed that a perfect conductor surface perforated with subwavelength
holes behaves as an effective medium, where the electromagnetic waves are governed
by an effective dielectric constant which is form invariant with the canonical plasma
form of Eq. (1.11). Furthermore they showed that the cut-off frequency of the hole
waveguide acts as the effective plasma frequency of the response. This result has two
important implications. First, as the dielectric constant is reduced to the canonical
plasma form of a metal, it implies that an interface between a dielectric and a holey
perfect conductor surface can support bound surface electromagnetic modes. Second
it implies that the effective plasma frequency can be custom designed because the
cut-off frequency of the hole waveguide scales proportionally with the hole size. This
means that the plasma frequency which normally is an intrinsic property of the metal
and, as discussed above, uniquely dictates the spectral region of confined SPPs, can
more or less be chosen freely. Due to this, spoof SPPs are also commonly referred to as
designer SPPs, because by designing a structured surface designer SPPs with almost
arbitrary dispersion can be constructed. The existence of spoof or designer SPPs at
the surface of a two dimensional hole array, as predicted by Pendry and coworkers, has
afterwards been verified experimentally in the microwave regime [30]. The dispersion
relation of a spoof SPP bound to the interface between a vacuum region and a two
dimensional perfect conductor array with square holes can be written as [28,29]

k2
xc

2 = ω2 +
1

ω2
p − ω2

S4ω4

εh
, (1.22)

where kx is the propagation constant, c is the speed of light, ωp = πc/(a
√
εh) is the

effective plasma frequency which is identical to the cut-off frequency of the hole waveg-
uide, εh is the dielectric constant of the dielectric within the hole, and S = 2

√
2a/(dπ)
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is the overlap between an incident plane wave and the fundamental waveguide mode
of the hole waveguide, where a is the hole size and d is the center to center spacing be-
tween the holes. In the case of a one dimensional array of grooves a dispersion relation
for the spoof SPPs supported can also be derived, see Ref. [29]. A plot of the spoof
SPP dispersion relation from Eq. (1.22) is presented in Fig. 1.5 a). It is seen that the
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Figure 1.5: a) Dispersion relation of spoof SPPs supported by the surface of a two dimensional
perfect conductor square hole array (blue line). The ratio between the hole size a and the unit cell
size d is a/d = 0.8 and the dielectric constant of the material within the holes is εh = 6. The dashed
black curves depict the light line and the effective plasma frequency of the two dimensional hole
array ωp = πc/(a

√
εh). b) Sketch of the transverse (z) electric field component of a canonical SPP

at microwave frequencies. c) Sketch of the transverse electric field component of a spoof SPP at
microwave frequencies at the surface of a hole array.

dispersion relation to a great extent is similar to the dispersion relation of canonical
SPPs [Fig. 1.1]. As the frequency is reduced the spoof SPP dispersion branch ap-
proaches asymptotically the light line. For large parallel momentums, however, the
branch approach the effective plasma frequency of the holey structure ωp. This is dif-
ferent for canonical SPPs which for large propagation constants approach the surface
plasmon resonance ωp/

√
2 and not the intrinsic plasma frequency ωp. This is due to

the anisotropy of the holey metal film. Sketches of the transverse component of the
electric field of a regular SPP and a spoof SPP at microwave frequencies [Figs. 1.5
b) and c), respectively] show how the field of the regular SPP almost completely is
excluded from the metal and is similar to simple grazing radiation. However, by in-
troducing a subwavelength surface structure, in this case in form of holes, the field of
the surface mode becomes strongly bounded to surface, very similar to a regular SPP
in the visible spectral region. Thus by introducing subwavelength surface perforations
the unique properties of canonical SPPs in the visible and the near-infrared spectral
region can via the spoof SPP concept be transferred to much lower frequencies, such as
microwave frequencies, where metals are almost perfect conductors. One idea within
this PhD project, which is described in details in Chap. 4, was to try to transfer the
idea of Pendry’s near-field perfect lens in the optical regime [31] to lower frequencies
by means of the spoof SPP concept. The key to electrostatic near-field superlensing
is exponential enhancement of evanescent waves across a thin metal film be means
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of resonantly excited SPPs [32]. Hence, it is natural to investigate for superlensing
effects at microwave frequencies in holey metal films by trying to take advantage of
the spoof SPPs supported.

1.7 Localized surface plasmons

Besides SPPs which are propagating surface modes, that are bound to and propa-
gate along metal-dielectric interfaces, where planar metal surfaces, thin metal films,
and dielectric gaps between planar metal surfaces, are just a few examples, localized
surface plasma oscillations in small metallic nano particles can also be considered.
Such excitations are called localized surface plasmons (LSP) [33,22], and give rise to
a resonant behavior in the optical properties of noble-metal nano-particles. In the
case of spherical particles, scattering and absorption cross sections can be calculated
exactly using the semi-analytical Lorenz-Mie scattering theory [34,35]. Already in
1908 the German physicist Gustav Mie presented an analysis of the optical properties
of spherical metal particles [35]. If the radius of a spherical nano-particle a is small
compared to the wavelength in the surrounding medium a � λ it can to a good ap-
proximation be treated in the dipole limit. If we assume that the particle is described
by a dielectric constant εm(ω) and the surrounding dielectric by εd a quasi-statical
analysis yields the particle polarizability as [22]

α(ω) = 4πa3 εm(ω)− εd
εm(ω) + 2εd

, (1.23)

and the scattering cross section of the sphere can be expressed in terms of the polar-
ization as [2]

σscattering =
k4

6πε2
0

|α(ω)|2, (1.24)

where k is the wave vector in the surrounding medium. By contemplating Eq. (1.23)
it seen that there is a resonance at <{εm(ω)} + 2εd = 0. This is known as the
particle plasmon dipole resonance and is caused by a LSP resonance in the conduction
electrons of the small sphere. If the dielectric constant of the metal is on the simple
canonical plasma form of Eq. (1.11) this yields a LSP frequency ωlsp as

ωlsp =
ωp√

1 + 2εd
, (1.25)

where again ωp is the intrinsic plasma frequency of the metal. Eq. (1.25) shows how
the resonance red-shifts when the dielectric constant of the surrounding material is
increased. At this LSP resonance both the local and the scattered fields get strongly
enhanced, which make metallic nano-particles interesting for sensing and spectroscopy
applications [13]. However, in general the spectral position and the strength of LSP
particle resonances can not be determined analytically, because these are dependent
on the geometry, the size, and the dielectric constant of the particles as well as the
dielectric constant of the surrounding material [22]. Within this PhD project resonant
light scattering from sub micron wide and nanometer thin metal nanostrips has been
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analyzed using numerical Green’s function integral equation techniques (see Chap. 3
for details). In this particular configuration, it has recently been shown that the
plasmon resonances of the nanostrips can be attributed to constructive interference
between counter-propagating SR-SPPs supported by the nanostrip [36]. Thus even
in the case of sub-micron wide nanostrips it makes senses to think about propagating
SR-SPP modes.



Chapter 2

Plasmonic waveguides

2.1 Introduction

Ever increasing demands for miniaturization and processing speed of modern micro-
processors set high demands to digital information communication techniques, which
must be capable of processing larger and larger amounts of data in small and small
amounts of times. Interconnects in microprocessors are today made of small copper
wires and the digital information is processed from A to B by means of electrical cur-
rents. It is these copper interconnects that, to a high extent, limit the speed of modern
microprocessors, because the miniaturization of electronic wires strongly increases the
propagation delay of the signals [16]. The performance of the transistors, on the other
hand, increases when scaled down. Thus the communication speed of electronics is
limited by the RC-delay in the wires which, in a simple picture, is proportional to
the length squared and inverse proportional to the cross sectional area of the wire.
Hence, both as the length increases and as the wires are miniaturized in cross section
the propagation delay increases. As an alternative to electronic interconnects on-chip
optical data processing can be considered. However, even though optical communi-
cation is strongly superior to electronic in terms of operational bandwidth [37], it
suffers from one great limitation; the diffraction limit. The size of regular optical
waveguides cannot be smaller than half of the operational wavelength of the light
that they transmit. Standard fibers for optical communication are therefore quite
large compared to electronic interconnects [16]. This means that optical fibers and
electronic interconnects are difficult to combine within the same circuit [16].

For an optical technology to be feasible to be utilized as a substitution of elec-
tronics one involuntary demand is that the waveguides must be capable of confining
and directing light signals in dimensions which are much smaller than the operating
wavelength of the light, i.e. subwavelength optical components must be realized. The
hybrid nature of SPP propagation along metallic nano-waveguides is one approach
to circumvent the problem with the diffraction limit of regular photonic components
[37]. As described in Chap. 1, a SPP is a hybrid phenomenon, where the electromag-
netic field of the photons is trapped on the surface due to its interaction with the
free conduction electrons of the metal. As a consequence of this interaction, SPPs

17
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and super-SPP modes can be strongly confined in the dimensions which are normal
to the metal-dielectric interfaces. A thin metal film (as discussed in Sec. 1.4) is an
example of a one dimensional SPP waveguide, where the electromagnetic field of the
SPP is confined in the dimension perpendicular to the film plane. Due to the Ohmic
losses in the metal there exists a tradeoff between confinement and propagation length
of SPPs. This can easily be illustrated by contemplating the two super-SPP modes
supported by a thin metal film. The LR-SPP mode is close to the light line and thus
loosely confined but propagates far when compared to the SR-SPP mode which is
strongly confined to the waveguide. The tradeoff between confinement and propaga-
tion length of the SPP modes is an intrinsic problem of plasmonic waveguides. In
order to achieve compact integrated plasmonic components, waveguides with strongly
confined SPP fields are an involuntary requirement. Without a strong confinement
of the modes, it is impossible to miniaturize and simultaneously obtain a low level of
cross-talk between different waveguides. On the other hand, it is also important that
the signals reach their destinations, thus it is important that the SPP modes have
long propagation lengths. Hence, the optimization of different metallic waveguides
which simultaneously sustain strong confinements and large propagation lengths is
one of the primary tasks within research of plasmonic waveguides.

The usage of plasmonic waveguides for future intermediate-level intra-chip inter-
connects has been investigated in Ref. [38]. The conclusion, was however, that plas-
monic interconnects are no obvious replacement of regular electric intermediate-level
interconnects. Because of the tradeoff between the mode size and propagation loss, it
is questionable if it ever will be possible to exploit plasmonic waveguides as intercon-
nects on the local level between transistors within microprocessors, however, many
other applications can be considered. Within plasmonics sensors, plasmonic waveg-
uides can be used to bring plasmonic signals in and out of the sensors. Plasmonic
waveguides can also be used as an interface between regular dielectric waveguides,
which are ideal for high speed data communication over longer distances, and regular
electronic interconnects on the transistor level [38].

A thin metal film which is infinite in the plane of the film (discussed in Sec. 1.4),
only offers one-dimensional field confinement of the SPP mode and is therefore of lim-
ited practical interest as a plasmonic waveguide. For a plasmonic waveguide to have
practical interest, two dimensional field confinement in the plane transverse to the
propagation direction is a necessity. One of the most promising configurations, with
integrated optics in mind, which offers two-dimensional transverse field confinement,
and which recently has been studied, is a thin metal strip embedded in a dielectric
[39–42].

2.2 Metal strip waveguides

The metal strip waveguide configuration [Fig. 2.1] was proposed by Berini ten years
ago [39]. Typically, dispersion with film thickness t has been analyzed at a fixed width
w and wavelength λ. Often w = 1 µm and t is in the range 0.01w to 0.1w, hence the
width is much larger than the thickness of the strip. Like a thin metal film of infinite
width, a metal strip waveguide supports super-SPP modes. These super-SPP modes
form from the coupling between the interfaces and the corners of the waveguide. The
rectangular metal strip waveguide supports four fundamental modes which can be
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Figure 2.1: Metal strip plasmonic waveguide. A lossy metal core Ω of width w and thickness t (w
been much larger than t) is embedded in an infinite dielectric material Γ. The cross section of the
waveguide is in the xy plane and the direction of propagation is along the z axis, which is out of the
paper.

named according to their symmetries. In the nomenclature developed by Berini the
four fundamental modes of the rectangular waveguide are named sa0

b , aa
0
b , ss

0
b , and

as0
b [39]. In this nomenclature the two first letters specify the symmetries of the

dominating electric field component with respect to the y and x axis, respectively.
For rectangular waveguides t/w � 1 Ey is the dominating field component. The
subscript b specify that the mode is bound and the superscript specify the numbers
of extrema in the dominating electric field component along the largest transverse
dimension of the metal core [40]. Besides the four fundamental modes the metal strip
waveguide supports a number of higher order modes.

The mode ss0
b , also named the dominating symmetric strip mode in Ref. [42]1,

is of particular interest with the development of plasmonic waveguides for integrated
optics in mind. It has similar characteristics to the LR-SPP mode supported by a thin
metal film of infinite width. It has no cut-off with thickness and as the thickness of the
metal strip waveguide is reduced it tends asymptotically towards a TEM mode in the
surrounding material. Furthermore, the ss0

b mode offers longer propagation lengths
than the LR-SPP mode of a thin metal film, and it has a field distribution which can
be matched by end-fire coupling of a single mode fiber [40]. Different components for
integrated optics have been demonstrated utilizing the long-range ss0

b mode of the
metal strip waveguide [43–46].

As a difference to the super-SPP modes of the infinite wide metal film, the modes
of the strip waveguide are not purely p polarized or transverse magnetic (TM), all
field components are into play. However, for the rectangular structures investigated
in Refs. [39–42], the y component of the electric field is dominating, and in practice
the waveguides only support long-range SPP propagation for light polarized with its
electric field along the y axis [47]. This is a large disadvantage, which is common for
most plasmonic waveguides. A plasmonic waveguide that supports long-range prop-
agation for both polarizations would be a major step towards plasmonic integrated
optics, because often the polarization of light in optical communication systems can-
not be controlled. As the main component of the electric field of SPPs is oriented
perpendicular to the metal-dielectric interface one should look for metal structures
with a symmetric cross section in the search of polarization-independent plasmonic
waveguides. Very recently, square metal rod waveguides have been investigated ex-
perimentally and it was show that these waveguides support long-range propagation

1The mode named the dominating antisymmetric strip mode in Ref. [42] is the mode sa1
b in the

nomenclature of Berini.
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of SPPs for both polarizations [47].
A theoretical analysis of a square plasmonic waveguide for long-range polarization-

independent waveguiding is the subject of the first paper presented in this thesis
[App. A]. The waveguide investigated in the paper is similar to the strip waveguide,
analyzed in Refs. [39–42], with the different being that the cross section of the waveg-
uide is square (t = w) [Fig. 2.1]. In the paper the bound modes of a square metal rod
embedded in a lossless dielectric are determined and characterized. Based on symme-
try considerations, a schematic overview of the fundamental modes supported by the
waveguide is presented. As a consequence of the 90◦ rotational symmetry the square
surface plasmon-polariton waveguide (SSPPW) can be shown to support four funda-
mental super modes, which can be constructed from the coupling between four corner
or wedge PP modes; one for each of the corners of the waveguide. A metal corner
supports a fundamental PP mode which is strongly localized at the tip of the corner.
Plasmonic wedge modes have been analyzed both before and after the publication of
the paper in App. A, see, e.g., [48–50]. For large metal cores the SSPPW supports
four fundamental degenerate modes which all have the mode index of a wedge mode
of an isolated 90◦ corner. However, when the size of the core is reduced, the four
corner modes start to overlap and new super modes are formed. By choosing either a
positive or a negative sign of the four fundamental corner modes (+/-) four linearly
independent super-SPP modes can be constructed. The combinations that are con-
sistent with the symmetry of the waveguide are those involving zero or two negative
signs. For naming of the fundamental modes of square plasmonic waveguides, the
nomenclature developed by Berini is quite comprehensive and a simpler nomencla-
ture can be introduced. The fundamental modes of the SSPPW can be named via
two indices which denote the number of sign changes in the dominating electric field
component along the x and the y axis, respectively (the y component along the x axis
and the x component along the y axis). If these are appended to E, for the electric
field, the four fundamental modes of the SSPPW can be named E(0,0), E(1,0), E(0,1),
and E(1,1). As the square geometry makes x and y interchangeable it is evident, from
this nomenclature, that the two modes E(1,0) and E(0,1) are degenerate, and it is also
evident that E(1,0) is primarily polarized along the x axis, whereas E(0,1) is primarily
polarized along the y axis. As E(1,0) and E(0,1) are degenerate (they have the same
mode index) it is clear that the SSPPW supports propagation of plasmonic signals
independent of the polarization.

A detailed numerical analysis furthermore reveals that the two degenerate modes
have characteristics similar to the ss0

b mode of rectangular strips and to the LR-
SPP of an infinite wide metal film. This means that the SSPPW supports long-rang
polarization-independent waveguiding of plasmonic signals. The numerical analysis
presented in the paper is performed by means of the finite element method [51,52], uti-
lizing the commercial software provided by COMSOL Multiphysics on a configuration
similar to the one experimentally investigated in Ref. [47]. COMSOL Multiphysics
solve the eigenvalue wave equation of the electric field [Eq. (1.6)] numerically, looking
for solutions on the form

E(r) = E(x, y)eiβz, (2.1)

where here β is the complex propagation constant. The analysis show, among other
things, that a square gold rod of core size 200 × 200 nm2 embedded in a polymer
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of benzocyclobutene (BCB) supports plasmonic guiding for both polarizations with
a propagation length of approximately 3 mm. For more details I refer to the paper
presented in App. A.

2.3 Gap plasmon polariton based waveguides

The next paper presented in this thesis focus on scaling properties of different SPP
waveguides which all offer two dimensional mode confinement and guiding of the
PP modes by means of dielectric gaps between metallic surfaces [App. B]. Utilizing
the effective index approach [53,54] and an explicit expression of the propagation
constant of the GPP mode, obtained for narrow gaps, normalized waveguide param-
eters (also known as normalized frequency or V-parameter) [55] are introduced for
three different GPP based waveguides. The derived V-parameters are investigated
by means of the finite element method, where again the commercial solver provided
by COMSOL Multiphysics is used. Eq. (1.6) is solved looking for solutions on the
form of Eq. (2.1). The three different GPP based waveguides under consideration in
the paper are depicted in Fig. 2.2. The idea with all three waveguides is to exploit
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Figure 2.2: The three different waveguides under consideration in the paper presented in App. B.
Lossy metal regions Ω are surrounded by lossless dielectrics Γ. All three waveguides offer two dimen-
sional confinement of the mode in the cross section perpendicular to the direction of propagation
(the xy plane). The direction of propagation is along the z axis. a) SPP gap waveguide where the
field is confined to the domain between the two ridges. b) SPP trench waveguide where the field is
confined in the trench. c) SPP V-groove waveguide where the field is confined in the bottom of the
groove.

the fact that the mode index of a GPP mode propagating in a dielectric between
two parallel metal surfaces increases when the gap is narrowed [see Fig. 1.4 a)]. This
can be utilized to achieve two dimensional lateral confinement in plasmonic waveg-
uides. In analogy with the confinement of light in a high index core of an optical
fiber, the electromagnetic field of the guided GPP modes of all three waveguides are
laterally confined to dielectric gaps between the closest metal surfaces. In the first
waveguide configuration [Fig. 2.2 a)] the field is therefore confined and guided along
the narrow gap region between the two surfaces. In the second configuration [Fig. 2.2
b)] it is confined and guided in the trench, and in the last configuration [Fig. 2.2 c)]
it is confined and guided along the bottom of the groove. All three waveguides in
Fig. 2.2 are known and their waveguiding properties have been analyzed before. a)
was named SPP gap waveguide and analyzed in Refs. [56,57], and trench waveguides
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have been analyzed in Refs. [54,58,59]. V-groove waveguides have been studied ex-
tensively both theoretically [58,60–63,54] and experimentally [37,64–66]. Recently
fabrication and characterization of V-groove based plasmonic waveguide components,
such as Y-splitters, Mach-Zehnder interferometers and waveguide ring resonators have
been reported [37]. Guiding of electromagnetic fields by means of channels cut into
an otherwise planar metal surface, as in configuration a) and b), was first proposed
in Ref. [58]. In Ref. [58] the authors neglected retardation effects and the resulting
electrostatic modes were termed channel plasmons. Later the work was extended to
include retardation effects [60] and the modes obtained were named channel polari-
tons. Nowadays however, the plasmonic modes guided by channels cut into metal
surfaces are most commonly referred to as channel plasmon polaritons (CPPs) and
the waveguides are referred to as CPP waveguides [63,65,66].

The V-parameter, which we consider in the paper [App. B], characterizes the
mode field confinement. Using these V-parameters to design waveguides, we demon-
strate by means of finite element simulations that plasmonic waveguides of the same
type (SPP gap, trench, or V-groove), with the same V-parameter, but with different
dimensions and operating at different wavelengths, exhibit very similar normalized
field confinements. The general idea of the paper is that the derived expressions for
the V-parameters of the GPP based waveguides can be used as practical guidelines
in order to provide a simple way to design GPP based waveguides which e.g. can
operate within a specified wavelength range and at the same time e.g. ensure a well
confined single mode propagation far from cutoff. Simple design criteria for different
plasmonic waveguides allowing for two dimensional mode field confinement is of great
practical interest, because, the design of plasmonic waveguides with specific proper-
ties in general is a complicated task which requires sophisticated and time-consuming
computational techniques, see e.g. [50,57,67,60,56,61–63].

In a very recent work [66] the derived V-parameter for V-grooves has been used
to design plasmonic candle structures, that can be used for radiation nanofocusing.
The nanofocus is obtained by means of CPPs propagating along subwavelength metal
grooves that are tapered synchronously in depth and width. An estimated field inten-
sity enhancement of ∼90 is shown directly using near-field microscopy. The trick to
obtain a good nanofocus by means of CPPs is to taper the channel in such a way that
the V-parameter is kept constant. If this is case, the waveguide mode scales in size
along with the V-groove cross section, and a tight nanofocus of the electromagnetic
energy can be obtained when the size of the channel narrows down [66].



Chapter 3

Metallic nanostructures as resonators

3.1 Introduction

This chapter presents the work made on resonant metallic nanostructures. Such
structures are interesting from an optical point of view because of the possibility of
strongly enhanced local and scattered fields which make the structures good candi-
dates for applications within e.g. spectroscopy and sensing [13]. As a consequence
of excitation of PP modes at the metal-dielectric interfaces when illuminated with
light, and the spatial confinement provided by the nanostructures, resonances of the
electromagnetic field can be built up. One of the most important features of PP
resonances in metallic nanostructures is that the specific resonance wavelength to a
large extent can be tuned by means of the geometrical parameters of the structures.
Recently the resonant optical properties of metallic nanowires have attracted some
attention [68–71], and it has also been suggested that such wires can be used for opti-
cal antennas which can be much smaller than the wavelength of the light considered
[72,73]. Squeezing of light into nanometer thin dielectric cavities between metallic
structures and associated scattering resonances has also been considered [74,75].

Within this PhD project sub-micron wide and nanometer thin metal strip res-
onators have been studied in various configurations [Apps. C - E]. The metal strips
are treated as two dimensional structures and considered invariant under translation
along the last spatial dimension. Resonant scattering properties of such structures
have been studied both for single strips [36,23,76–79], for two strips separated by
a small dielectric gap [23,80], and in configurations where a strip (or an assembly
of strips) is coupled to a thin metal film [81–85]. Schematics of different resonators
involving metal strips which have been studied within this PhD project are depicted
in Fig. 3.1. As noted in Chap. 1, the physics of the scattering resonances of metallic
nano-strips has recently been related to excitation of SR-SPPs (or GPPs in the case
of gap PP based resonators) [36,76,80]. As in the case of a thin metal film, SR-SPPs,
propagating along the x direction, are supported by a metal strip. However, as the
metal strip has a finite width, the SR-SPP mode will, because of its strongly bound na-
ture, be efficiently reflected when it reaches the terminations (along the x-axis) of the
strip, and as a consequence of constructive interference between contour-propagating
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Figure 3.1: Different two dimensional strip and gap resonators. All structures are considered invariant
along the z axis and are illuminated by p polarized plane wave (the electric field is in the xy plane
and the magnetic field is along the z axis). Ω regions consist of lossy metals and Γ regions are lossless
dielectrics. a) Metal nanostrip resonator of thickness t and width w. b) GPP resonator consisting of
two metal strips both of width w and with thicknesses t1 and t2 separated by a dielectric gap of size
d. c) Metal strip resonator of width w and thickness t placed in a distance d of an infinite surface.

SR-SPPs standing wave resonances can be built up at some wavelengths. These stand-
ing wave resonances strongly enhance not only the local field in the near-field region
of the strips but also the scattered fields. A metal strip resonator can therefore be
thought of as a Fabry-Pérot like resonator for SR-SPPs, where the spectral position
of the resonance fulfill an equation as [78]

w
2π
λ
npp = mπ − φ, (3.1)

where w is the width of the metal strip, npp is the real part of the mode index of the SR-
SPP mode, m = 1, 2, 3, ... is the order of the resonance, φ is the phase acquired upon
reflection at a termination of the strip, and λ is the free space excitation wavelength.
Eq. (3.1) can also be used for the two other GPP based resonator configurations
[Figs. 3.1 b) and c)] if the real part of the mode index of the GPP mode is used for
npp. From Eq. (3.1) it can be seen that if w is increased by ∆w = λ/(2npp) (wf =
wi + ∆w) one would expect a one order higher resonance to appear at approximately
the same wavelength as the resonance of the initial strip of width wi. Fig. 3.2 presents
calculations of scattering cross sections and resonant fields of silver nanostrips of
different widths that verify that this is indeed true. The calculations are performed
utilizing the Green’s function surface integral equation method. The configurations
studied are t = 10 nm thick silver strips of width w which are illuminated by p
polarized plane waves at an angle of 45◦ with respect to the x axis [see Fig. 3.1 a)].
It is seen that a silver strip of w = 100 nm has a scattering resonance at a free space
wavelength of λ0 = 538 nm. This is also the case for strips having w = 253 nm
and w = 406 nm, though the resonance of the strip with w = 406 nm is slightly
hidden as a shoulder in the broader and larger resonance at λ0 = 762 nm. A strip
of w = 202 nm, however, has a resonance at λ0 = 493 nm. The four different strip
widths have been chosen carefully, in order to verify Eq. (3.1). The real part of the
mode index of the SR-SPP mode supported by a silver film of thickness 10 nm at
λ0 = 538 nm is npp = 1.756 and thus λpp/2 = λ0/(2npp) ≈ 153 nm. This is exactly
the difference in strip widths considered in first three calculations presented in Fig. 3.2
a) [w = 100, 253 and 406 nm]. The strip of w = 202 nm corresponds to a difference
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Figure 3.2: a) Scattering cross section normalized with the width of the strip as a function of the
free space wavelength. The strips are t =10 nm thick silver strips of width w and are illuminated by
a p polarized plane wave at an angle of 45◦ with respect to the x axis [see Fig. 3.1 a)]. b) Electric
field magnitude for a strip with w = 100 nm at the resonance wavelength λ0 = 538 nm. c) The
same as in b) but for w = 253 nm. d) The same as in b) but for w = 406 nm. e) Cross section of
the electric field magnitude through the center of the strip for w = 100 nm and at the resonance
wavelength λ0 = 538 nm. f) The same as in e) but for w = 253 nm. g) The same as in e) but for
w = 406 nm. The slightly asymmetric seen in the field patterns is because an angle of incident of
45◦ is chosen in the calculations.

in strip width of λpp/3 and this strip does therefore not have a resonance as the other
three strips at λ0 = 538 nm. The field distributions in Figs. 3.2 b) to g) for strips with
widths w = 100, 253, and 406 nm at λ0 = 538 nm clearly illustrate the first, second,
and third order nature of the resonances, respectively. In all three configurations a
standing wave pattern is seen. Thus, the calculations presented clearly demonstrate
that metallic nanostrips can indeed be seen as Fabry-Pérot resonators for SR-SPPs
and that strips of different widths can be tuned to have scattering resonances at
similar wavelengths through the knowledge of the wavelength of the SR-SPP mode
supported by the strip.

Configuration b) and c) in Fig. 3.1 are examples of structures, where the resonances
are built up from constructive interference between counter propagating GPP modes
that are strongly bound to a dielectric gap between two strips or a strip and an infinite
metal surface, respectively. Both structures have been investigated within this PhD
project utilizing Green’s function integral equation methods.

Three papers on resonant metallic nanostructures are included in the thesis [App. C
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to E]. App. C presents a further development of the Green’s function surface integral
equation method which enables an exact analysis of configuration c). App. D presents
a work, where configuration c) is studied for gold strips in air placed directly on a
quartz substrate. In that paper the theoretical calculations are compared with care-
fully conducted reflection spectroscopy experiments. Lastly, App. E presents a study,
where the resonances of configuration c) for a silver strip close to a silver surface are
investigated for launching of SPPs. Furthermore this configuration is compared to
an asymmetric configuration b) where a silver strip is close to a large block of silver
with same width as the strip. Most of the results presented in the three papers are
performed using the Green’s function surface integral equation method. This method
is presented in the next section, which also is an introduction to the paper presented
in App. C.

3.2 The Green’s function surface integral equation
method

The Green’s function surface integral equation method is an appropriate and efficient
method for analysis of two dimensional scattering problems involving small metallic
nanoscatterer in open infinite domains [52,86]. This is because the method allows
for a good description of the boundary of the scatterers, and because the method
only involves an integral over the boundary of the scatterers as the radiating bound-
ary conditions are automatically satisfied through an appropriate choice of Green’s
function. A good description of the surfaces of the scatterers is crucial for scattering
problems involving metallic scatterers where PP modes, which have field maxima at
the metal surfaces, are responsible for most of the interesting resonant optical prop-
erties. As only the boundary of the scatterers needs to be discretized, the method
is efficient from a computational point of view, especially for small scatterers such
as nanostructures. The method has been successfully utilized before, both for elec-
tromagnetic scattering and eigenvalue problems and also within quantum mechanics
[87–92,36,80]. Essentially the field in any closed domain is related to the field and
its normal derivative at the domain boundary by means of Green’s function integral
equations, and different domains are related via the field boundary conditions.

If we consider a scattering problem where an arbitrary simply connected two-
dimensional homogenous isotropic scatterer Ω2 is placed in an infinite homogenous
isotropic surrounding Ω1 and it is illuminated by a strictly monochromatic ω0 p polar-
ized incident field (H(r, ω0) = H(r, ω0)ẑ) [Fig. 3.3], scalar magnetic field Helmholtz
equations for the piecewise homogenous medium can be formulated as [see Eq. (1.8)
in Sec. 1.1]

[
∇2 + k2

0ε1(ω0)
]
H1(r, ω0) = 0, (3.2a)

[
∇2 + k2

0ε2(ω0)
]
H2(r, ω0) = 0, (3.2b)

which must be used within Ω1 and Ω2, respectively. We also define two Green’s
function as

[
∇2 + k2

0ε1(ω0)
]
g1(r, r′, ω0) = −δ(r, r′), (3.3a)

[
∇2 + k2

0ε2(ω0)
]
g2(r, r′, ω0) = −δ(r, r′), (3.3b)
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Figure 3.3: A scatterer Ω2 in a homogenous medium Ω1. The incident field H0 is a strictly monochro-
matic p-polarized wave and is propagating in the xy plane. The system is considered invariant under
translation along the z axis. The dielectric constants of the surrounding medium and the scatterer
are ε1(ω0) and ε2(ω0), respectively.

which also must be used within Ω1 and Ω2, respectively. If we for each domain, multi-
ply Eq. (3.3) with H(r, ω0), subtract the resulting equation with Eq. (3.2) multiplied
with g(r, r′, ω0), integrate over the entire domain, and used Green’s second integral
identity in the plane, the surface integral equations can be set up. If the total field
outside Ω2 is furthermore divided into the incident field H0(r, ω0) and the scattered
field Hs(r, ω0) [H(r, ω0) = H0(r, ω0) +Hs(r, ω0)] the surface integral equations in the
two regions Ω1 and Ω2 become

H(r, ω0) =





H0(r, ω0) +
∮
C2
{H(s′, ω0)n̂′ · ∇′g1(r, s′, ω0)

−g1(r, s′, ω0)n̂′ · ∇′H1(s′, ω0)} dl′ for r ∈ Ω1

−
∮
C2
{H(s′, ω0)n̂′ · ∇′g2(r, s′, ω0)

− g2(r, s′, ω0) ε2(ω0)
ε1(ω0) n̂

′ · ∇′H1(s′, ω0)
}
dl′for r ∈ Ω2

(3.4)

where s′ is a point on the boundary of Ω2, n̂ = n̂2 = −n̂1 is the outward normal of Ω2

[Fig. 3.3], the boundary condition n̂′ · ∇′H2(s′, ω0) = ε2(ω0)/ε1(ω0)n̂′ · ∇′H1(s′, ω0)
has been used, where H1 and H2 refer to the magnetic field approaching the boundary
from medium Ω1 or Ω2, respectively, it has been used that the incident field H0(r, ω0)
satisfies

H0(r, ω0) =
∮

C∞

{g1(r, s′, ω0)n̂′1 · ∇′H0(s′, ω0)−H0(s′, ω0)n̂′1 · ∇′g1(r, s′, ω0)} dl′,

(3.5)

and that the scattered field satisfies
∮

C∞
{g1(r, s′, ω0)n̂′1 · ∇′Hs(s′, ω0)−Hs(s′, ω0)n̂′1 · ∇′g1(r, s′, ω0)} dl′ = 0, (3.6)

which is true if g1(r, s′, ω0) satisfy the radiating boundary condition. The Green’s
functions are the solutions of Eq. (3.3) and are given by the zero order Hankel function
of second kind g1,2(r, s′, ω0) = H

(2)
0

(
k0

√
ε1,2(ω0)|r− s′|

)
/(4i).
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In the paper presented in App. C, we present a further development of the Green’s
function surface integral equation method suitable for scattering analysis of metallic
nanostructures placed close to an infinite planar surface. The standard formulation
of the method is not well suited for such scattering problems. This is because one
would have to integrate along the surface and this boundary is usually considered to
be infinite long. The idea of the further developed version of the Green’s function
surface integral equation method is that light scattering by an object near a planar
interface can be analyzed exactly using Green’s function surface integral equations
form invariant with the standard formulation of the method [Eq. (3.4)]. All effects of
the planar interface structure are built into the Green’s function g1(r, r′, ω0). Thus,
the integral along the infinite surface is omitted by the use of an appropriate Green’s
function outside the scatterer. Related examples of Green’s functions and their ap-
plications can be found in Refs. [2,93–102]. The Green’s function used inside Ω2 is
the same as in the case of a scatterer in homogenous space and is therefore analyti-
cally given by the zero order Hankel function of second kind. However, the Green’s
function used outside Ω2, for a reference structure consisting of two half planes, can
not be evaluated analytically. For g1(r, r′, ω0) to be correctly constructed it must
account for the interaction of the field with the boundary. We consider the situation
where the scatterer is placed in a reference structure consisting of two half planes,
where the boundary between the two half planes is located at y = 0 along the x
axis. If both the source and observation point r′ and r, respectively, are above the
boundary [Fig. 3.4(a)] both the direct propagation from the source to the observation
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Figure 3.4: (a) Construction of the Green’s function for r /∈ Ω2 with the source point above the
boundary. (b) The same as in a) but with the source point below the boundary.

point gd+(r, r′, ω0) and the indirect propagation due to reflection from the interface
gi+(r, r′, ω0) must be taken into account. If r is below the boundary, the propagation
that has been transmitted, gt+(r, r′, ω0), must be taken into account. Thus for y′ > 0

g1(r, r′, ω0) = gd+(r, r′, ω0) + gi+(r, r′, ω0) for y, y′ > 0, (3.7a)

g1(r, r′, ω0) = gt+(r, r′, ω0) for y′ > 0, y < 0, (3.7b)

where the direct propagator gd+(r, r′, ω0) can be evaluated analytically by means of the
zero order Hankel function of second kind. The propagator of the indirect propagation
and the propagation that have been transmitted must, however, be constructed by
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means of Sommerfeld integrals. For explicit expressions of the Sommerfeld integrals
I refer to App. C. If the source point is below the boundary y′ < 0 [Fig. 3.4(b)]
the observation point can either be above or below the boundary. In that case, the
Green’s function is given as

g1(r, r′, ω0) =gt−(r, r′, ω0) for y > 0, y′ < 0, (3.8a)

g1(r, r′, ω0) =gd−(r, r′, ω0) + gi−(r, r′, ω0) for y, y′ < 0. (3.8b)

Again for explicit expressions of the Sommerfeld integrals and in general for the proof
of the further developed Green’s function surface integral equation method I refer to
App. C.

In order to solve Eq. (3.4) we need self consistent equations. These can be obtained,
by taking the limit r → s, where s is a point on the boundary of Ω2. This yield the
following self-consistent equations

1
2
H(s, ω0) =H0(s, ω0) + PV

∮

C2

{H(s′, ω0)n̂′ · ∇′g1(s, s′, ω0)

−g1(s, s′, ω0)n̂′ · ∇′H1(s′, ω0)} dl′, (3.9a)
1
2
H(s, ω0) =− PV

∮

C2

{H(s′, ω0)n̂′ · ∇′g2(s, s′, ω0)

− g2(s, s′, ω0)
ε2

ε1
n̂′ · ∇′H1(s′, ω0)}dl,′ (3.9b)

where the integrals have been rewritten as Cauchy principal values in order to handle
the singularities of n̂ ·∇g1,2(s, s′, ω0). The singularities of g1,2(s, s′, ω0) are handled in
the implementation of the method. At the singularity s = s′ the terms in the integrals
involving n̂ · ∇g1,2(s, s′, ω0) give a contribution of ±H(s, ω0)/2 for a smooth surface,
where the ± depends on from which side the boundary curve is approached.

In order to implement the method, Eq. (3.9b) must be discretized and solved
numerically. In the implementation of the method it is assumed that the scatterer Ω2

is placed in the upper half plane. Eq. (3.9b) is solved numerically by subdividing the
boundary curve C2 into N segments {Ci} on which H(s, ω0) and n̂ · ∇H(s, ω0) are
sampled in the center and assumed to be constant. We therefore rewrite Eq. (3.9b)
as a sum of integrals over each of the curve segments {Ci}, as

1
2
H(si, ω0) =H0(si, ω0) +

N∑

j=1

[
H(sj , ω0)Φ(1)

ij −Ψ(1)
ij n̂j · ∇jH(sj , ω0)

]
(3.10a)

1
2
H(si, ω0) =−

N∑

j=1

[
H(sj , ω0)Φ(2)

ij −Ψ(2)
ij n̂j · ∇jH(sj , ω0)

]
(3.10b)

where n̂j · ∇jH(sj , ω0) is the normal derivative of the magnetic field in the point sj
and the interaction matrix elements are given and evaluated as

Φ(1,2)
ij =

∫

Cj

n̂′ · ∇′g1,2(si, s′, ω0)dl′ ≈
M∑

p=1

n̂p · ∇pg1,2(si, sp, ω0)lp (3.11a)

Ψ(1,2)
ij =

∫

Cj

g1,2(si, s′, ω0)dl′ ≈
M∑

p=1

g1,2(si, sp, ω0)lp (3.11b)
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where each curve segment is subdivided into M sub segments in order to account
for the variation in n̂ · ∇g1,2(s, s′, ω0) and g1,2(s, s′, ω0), and lp is the length of the
p’th sub segment. For si = sp both Φ(1,2)

ij and Ψ(1,2)
ij become singular. As described

above the singularities of n̂ · ∇g2(s, s′, ω0) and n̂ · ∇g1(s, s′, ω0) are handled explicitly
in the formulation of the self consistent surface integral equations [Eq. 3.9b] and the
remaining singularities are handled in the evaluation of diagonal matrix elements.
The contribution to diagonal matrix elements for si = sp is evaluated as

C
Φ

(2)
ii

= 0, (3.12a)

C
Φ

(1)
ii

= n̂p · ∇pgi+(sp, sp, ω0)lp, (3.12b)

C
Ψ

(2)
ii

=
1
4i
− 1

2π

[
ln

(
k0

√
ε2(ω0)lp
4

)
− 1

]
, (3.12c)

C
Ψ

(1)
ii

=
1
4i
− 1

2π

[
ln

(
k0

√
ε1(ω0)lp
4

)
− 1

]
+ gi+(sp, sp, ω0)lp, (3.12d)

where the Hankel function at the singularity, in Eqs. (3.12c) and (3.12d), is evaluated
as the average value over the p’th sub segment containing the singularity.

Setting up Eq. (3.10) for all N sampling points on C2 yields 2N equations with
2N unknowns, which can be collected in a matrix equation and solved using standard
techniques.

In the paper presented in App. C we furthermore present far-field approximations
of the Green’s function that enable efficient evaluation of scattering into waves prop-
agating out of the surface plane and, in the case of a reference structure consisting of
a metal-dielectric interface, evaluation of scattering into SPPs propagating along the
planar surface of the reference structure. The out-of-plane scattering cross section is
obtained from the scattered power through a semicircle with infinite radius in the up-
per half plane, and the SPP scattering cross section is obtained from the power going
into SPP. In order to calculate the SPP scattering cross section the SPP contribution
to the total Green’s function must be extracted. This is the subject of App. A in the
paper presented in App. C. For further details, tests, and applications of the further
developed Green’s function surface integral equation method I refer to App. C.

3.3 Metal nanostrip and gap plasmon-polariton res-
onators

This section is devoted to introduce two papers [App. D and E]. Both papers present
an analysis of resonant light scattering from different metal strip based resonator
configurations.

In App. D we present both a theoretical analysis and an experimental demonstra-
tion of resonant light scattering for gold nanostrip resonators situated on a quartz
substrate. The theoretical analysis is performed using the Green’s tensor area inte-
gral equation method [86], where the out-of-plane scattering cross section is calcu-
lated. For the experiments, samples were fabricated using electron beam lithography.
Several samples of 5 µm long w wide and t thick nanostrips were fabricated. To
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reduce cross-talk between the individual strips all samples were fabricated such that
the strips are far apart [the strips are separated by 10 µm along the x dimension,
see Fig. 3.1 c)]. In the experiments the fabricated samples were investigated using
reflection spectroscopy, where the samples were illuminated by a p polarized plane
wave under normal incidence. The theoretical modeling and the experiments were
compared for two different thicknesses and several widths, and all scattering peaks
observed in the experiments were also predicted by the theoretical analysis. Thus,
the paper in App. D presents results where theory and experiments display an almost
perfect match. For more details I refer to App. D.

The last paper [App. E] presents a theoretical analysis where two different GPP
based resonator configurations are compared. The first GPP resonator analyzed con-
sists of a nanometer thin silver strip of width w placed close to a w wide and optically
thick block of silver [configuration b) in Fig. 3.1 with t2 � t1]. The second GPP res-
onator consists of a nanometer thin silver strip of width w placed close to an infinite
planar silver surface [configuration c) in Fig. 3.1]. We show that the scattering reso-
nances of both configurations have a common origin and can be related to the GPP
mode supported by the gap between the metal dielectric interfaces. Standing wave
resonances are built up from constructive interference between counter-propagating
GPPs. As the terminations of the resonator in the configuration where the strip is
close to the infinite surface are less sharp, the resonances of this structure are both
red-shifted and broader than the resonances of the configuration where the strip is
placed close to the silver block. In the configuration where the strip is close to the
infinite silver surface two main scattering channels exist viz. scattering into waves
propagating out of the surface plane and scattering of light into SPPs that propagate
along the surface. Thus a metal strip resonator close to a metal surface can be utilized
to launch SPPs. For small gaps the excitation of SPPs in this configuration can be
quite efficient and feature a SPP scattering cross section that even exceeds the strip
width. Both out-of-plane and SPP scattering can be evaluated utilizing the gener-
alized version of the Green’s function surface integral equation method presented in
the section above and in App. C. For more details I refer to App. E.
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Chapter 4

Superlensing effects in metallic micro- and nanostructures

4.1 Introduction

The resolution of imaging using conventional optics is limited by diffraction [103,104].
When a lens is used to construct an image, e.g. by means of a camera, fine details of
the image disappear. This is because of the fundamental diffraction limit. Features
smaller than approximately the wavelength of the light disappear because they are
carried by evanescent waves that decay exponentially away from the source [105].
This means that when a far-field image is constructed by means of a conventional
lens the subwavelength features of the source are permanently lost. When light is
scattered from a specimen it contains information that specify the features of the
specimen. Scattered light can be divided into two parts; evanescent waves and prop-
agating waves. Evanescent waves carry the components with high spatial frequencies
which identify the fine details of the specimen, whereas the propagating waves carry
the remaining far-field information. If the information is picked up in the near-field
zone of the specimen both evanescent and propagating waves can contribute to the
reconstruction of an image with subwavelength resolution. This is the general idea
behind the scanning near-field optical microscope which breaks the diffraction limit
by means of a sharp fiber tip which is brought into the near-field zone of the specimen
in order to pickup the subwavelength information of the evanescent waves [106,107].
Other scanning probe techniques such as e.g. scanning tunneling microscopy [108,
109] and atomic force microscopy [110] which do not rely on an optical interaction
are nowadays extensively used to create images of surfaces with resolutions on the
atomic scale [111].

The idea of a superlens which can be used to construct an image on the sub-
wavelength scale is attractive, both from an application and a theoretical point of
view. In order to achieve subwavelength imaging such a superlens must be able,
not only to cancel the phase delay of propagating waves, but it must also be able
to exponentially enhance the evanescent waves in order to cancel their exponential
decay. This is possible using a slab of negative refractive index material [31]. Us-
ing arguments from macroscopic electromagnetism it was proved that a thin slab of
material with a refractive index of −1 surrounded by vacuum yields a perfect lens,
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apparently with unlimited resolution [31]. Although it is known from microscopic
electrodynamics that unlimited spatial resolution is physically incorrect, even when
all evanescent waves are included [112], it has been underlined with experiments that
the superlens proposed by Pendry [31] can be utilized to achieve subwavelength imag-
ing [32,113–117]. In order to achieve the superlensing effect for both polarizations
the slab must have a refractive index of -1. This can only be achieved if both ε and µ
are -1 simultaneously [118]. There are no natural materials that display such exotic
properties. Thus the primary challenge in the hunt for the perfect lens lies in the
engineering of artificial metamaterials with the desired optical properties. At optical
wavelengths, the experimental verification of Pendry’s superlens was demonstrated
for p polarization using a thin metal film as a superlens [32,117]. This is possible
in the electrostatic limit where the two polarizations become decoupled. In Pendry’s
seminal paper he showed that electrostatic superlensing, for p polarization, can be
achieved at the frequency where the dielectric constant of the thin slab is ε = −1,
as the dependence of µ gets completely eliminated [31]. Likewise for s polarization
electrostatic superlensing can be realized at the frequency where µ = −1 because the
dependence of ε gets eliminated. Thus for one polarization, electrostatic superlensing
can be achieved without a negative refractive index of the lens. ε = −1 is exactly
the surface plasmon resonance frequency of a metal, and as noted in Sec. 1.6 and by
Pendry [31], there is a link between electrostatic superlensing using a thin metal film
and the existence of well defined SPPs. The physical mechanism behind electrostatic
superlensing using a thin metal film is resonant excitation of SPPs that help to en-
hance the evanescent waves across the film. At the spectral location where the size of
the dielectric constant of the metal matches the dielectric constant of the surround-
ing material with opposite sign, the SPP dispersion relation becomes virtually flat
for large parallel momentums, meaning that the band where it is possible to excite
SPPs becomes very broad, which results in the superlensing effect [119,32]. Examples
of metamaterials that have been investigated in connection with superlensing (here
not meaning imaging with unlimited resolution, but structures that can be used for
subwavelength imaging in the sense that they overcome the diffraction limit of con-
ventional lenses) are layered metal-dielectric structures [120–125], metallic wire media
[126–129] and photonic crystals [130–133].

Within this PhD project we have analyzed whether superlensing can be realized at
lower frequencies by taking advantage of spoof SPPs which, as described in Sec. 1.6,
emerge as electromagnetic surface modes when a perfect conductor film is perforated
by an array of subwavelength holes. Holey metal films have been studied extensively
since the pioneering work of Ebbesen et al. in 1998 [134]. Ebbesen and co-workers
discovered that a metal film perforated with subwavelength holes exhibits transmission
resonances that are orders of magnitudes larger than predicted by standard diffraction
theory [135], and that this extraordinary optical transmission (EOT) is connected to
the excitation of SPPs on the surface of the film. The physics of the EOT phenomenon
was reveal a few years after its discovery, where it was clarified, using a full three-
dimensional theoretical model, that the enhancement of the optical transmission is
due to photon tunneling through SPPs formed on the individual surface of the holey
metal film [136]. Both before and after this discovery, EOT has been studied both for
a single subwavelength hole in a metal film [137–143] and for various configurations
of subwavelength hole arrays [144–148].
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4.2 Optical superlensing effects in holey metal films

This section is devoted to introduce the two papers of App. F and G. In these two
papers, superlensing properties of holey metal films in the effective medium limit,
where the unit length of the periodic hole array is much smaller than the operating
wavelength, are analyzed using the multiple-scattering formalism, the modal expan-
sion formalism, and the finite element method. As stated in the introduction the
original idea was to try to take advantage of spoof SPPs on holey metal films in or-
der to investigate if it is possible to design a spoof SPP superlens. Contrary to our
expectations we found that spoof SPPs on holey metal films are not able to enhance
the electromagnetic field associated with the incident evanescent waves as canonical
SPPs do on an uncorrugated thin metal slab. Instead the analysis showed that within
the perfect conductor and effective medium limit, and at some resonant frequencies,
holey metal films can act as endoscopes, meaning that they are capable of transform-
ing an image from the input to the output surface of the film with subwavelength
resolution. A similar resonant regime, where all incoming plane waves, both prop-
agating and evanescent, are transmitted through the structure with unit efficiency
have been discovered before for wire media [130,126–129]. In Ref. [130] this regime
was named canalization. Holey metal films, however, are much more attractive from
an application point of view because they are, unlike wire media, relatively easy to
fabricate.

In the paper presented in App. F, holey metal films are analyzed first in the
perfect conductor approximation and at a second stage the effect of finite absorption
is checked. In the first analysis presented, an analytical expression of the transmission
coefficients of holey metal films is derived utilizing the multiple scattering formalism.
The idea of the formalism is that the electromagnetic field is expanded in terms of
plane wave eigenmodes outside the film and in terms of waveguide eigenmodes inside
the film. As we assume that the metal regions are perfect conductors the fields inside
those regions are zero. Inside the holes several waveguide modes will be excited
by an incident field but only the fundamental waveguide mode is included in the
calculation. This is because the fundamental mode is the only mode important for
the transmission properties, as all higher order modes are strongly evanescent. This
is a good approximation, see e.g. Ref. [136]. A similar analysis based on the modal
expansion formalism is given in the paper presented in App. G.

In both papers we show that, in the perfect conductor and effective medium limit,
the transmission coefficient of a holey metal film can be rewritten in a form which is
invariant with the expression for the transmission coefficient of a homogenous isotropic
slab. Exactly the same expression as Pendry used to demonstrate electrostatic su-
perlensing for p polarization [31]. Pendry showed that in the electrostatic limit the
z component of the wave vector both outside and inside a homogenous isotropic slab
become identical independent of the parallel momentum, and in the limit of ε = −1
the transmission coefficient reduces to

t = exp (−ikzh) ∀ k‖, (4.1)

where it is important to notice that this is true independent of the parallel momentum
k‖ =

√
k2
x + k2

y [31]. Thus, all plane waves, both propagating and evanescent, have a

transmission coefficient on the form of Eq. (4.1). This means that propagating waves
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are phase corrected and evanescent waves are exponentially amplified across the lens.
Hence, if the distance that the plane waves travel outside the lens is identical to
the distance that they travel inside the lens an image where both propagating and
evanescent waves helps in the reconstruction can be obtained. In practice, at optical
wavelength, the lens/metal film has to be nanometer thin both in order to be in the
electrostatic limit and also because of the absorption in the metal which eventually,
when the film gets thick, will kill the enhancement of the evanescent waves [149]. As a
consequence Pendry’s superlens is sometimes referred to as the near-sighted superlens
[150]. In Ref. [32] subwavelength imaging is experimentally demonstrated 75 nm away
from the source plane at a wavelength λ = 365 nm using a 35 nm thin silver film as
a superlens.

For holey metal films, a transmission coefficient on the form of Eq. (4.1) can not
be realized independent of the parallel momentum. As noted above, the trick that
Pendry utilized was that the z component of the wave vector both inside and outside
the film become identical independent of the parallel momentum. This is not possible
with holey metal films, as the z component of the wave vector inside the film is fixed
by the fundamental waveguide mode. However, as described with more details in
the papers [App. F and G], because the z component of the wave vector is fixed by
the fundamental waveguide mode, a transmission coefficient which, depending on the
resonance order m, is either 1 or -1 independent of the parallel momentum can be
realized at some resonant frequencies. This means that holey metal films, with all
above mentioned assumptions in mind, at these frequencies, transfer perfectly all plane
waves both propagating and evanescent across the lens. Hence, they make perfect
endoscopes. For more details and examples of calculations where the subwavelength
imaging properties of a slit array based endoscope are investigated, first in the perfect
conductor limit using the semi-analytical multiple scattering formalism and the modal
expansion formalism, and second with losses included in the terahertz regime using
the commercial finite element solver provided by COMSOL Multiphysics, I refer to
App. F and G.
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Summary

This PhD thesis presents theoretical investigations of the interaction between light
and metallic micro- and nanostructures. This interaction is interesting because such
structures support surface plasmon polaritons (SPPs). Research of the interaction
between light and metallic structures has emerged as a subfield of nano-optics and
is nowadays known as plasmonics. The work presented in this thesis contributes to
three topics within plasmonics; guiding of plasmon polaritons by means of metallic
waveguides, resonant light scattering and field enhancement properties of metallic
nanoresonators, and superlensing properties of holey metal films. Besides these three
topics, a general introduction to SPPs and their fundamental properties is given.
After some general remarks on the theoretical foundation, SPPs are defined, the
criteria for their existence is discussed, and their fundamental properties for planar
metal-dielectric interfaces and in simple metallic nanostructures are presented.

Concerning the first topic, theoretical investigations have been made using effective
index modeling and finite element analysis. All finite element calculations are made
by utilizing the commercial solver provided by COMSOL Multiphysics. Two papers
are presented. The first paper presents a theoretical analysis of a square metal rod
waveguide, where it is shown that such a plasmonic waveguide is unique because it
supports propagation of long-range SPPs for both polarizations. A common drawback
for most plasmonic waveguides is that they only allow for propagation of SPPs for
one polarization. Based on the symmetry of the square rod waveguide a schematic
overview of the modes supported is presented, and it is shown that all fundamental
modes can be constructed from the coupling of the corner modes supported by the
individual corners of the square metal rod. In the second paper scaling rules for gap
plasmon based waveguides are presented. A normalized waveguide parameter (or V-
parameter) is introduced for three different gap plasmon based waveguides; a SPP
gap, a trench, and a V-groove waveguide. Utilizing finite element simulations it is
demonstrated that two waveguides of the same type and with same V-parameter, but
with different dimensions and operating at different wavelengths exhibit very similar
field confinements. Thus, the introduced V-parameters provide a means to design
plasmonic waveguides without advanced numerical modeling.

Concerning the second subject, resonant light scattering and field enhancement

37



38

properties of metallic resonators, theoretical investigations utilizing Green’s function
integral equation methods are presented, and experiments utilizing reflection spec-
troscopy are performed for verification. Three papers have been included in the
thesis. The first paper presents a further development of the Green’s function surface
integral equation method for theoretical analysis of scatterers close to a metal surface.
It is shown how the choice of an appropriate Green’s function makes it possible to
analysis scatterers close to planar interfaces with a set of integral equations which
are form invariant with the equations used if the scatterers are placed in homogenous
reference media. An approach for calculating the Green’s function is presented along
with far-field approximations that enable efficient evaluation of scattering out of the
surface plane and, in case of a metal surface, scattering into SPPs that propagate
along the metal surface. In the second paper we present both a theoretical analysis
and an experimental demonstration of resonant light scattering from metal nanostrips
on quartz substrates. The samples are fabricated using electron-beam lithography,
the experiments are performed utilizing reflection spectroscopy, and the theoretical
modeling is made using the Green’s tensor area integral equation method. Theory
and experiments are compared and found in a good agreement. In the last paper pre-
sented, the Green’s function surface integral equation method is used to analyze two
different resonator configurations. A metal nanostrip close to either a metal surface
or a metal block. It is shown that the resonances of both structures occur due to con-
structive interference between counter-propagating GPPs which form standing waves
in the gap for certain wavelengths. In the configuration where the nanostrip is close
to a metal surface, light can, besides from scattering out of the surface plane, scatter
into SPPs that propagate along the metal surface. These two scattering channels are
evaluated separately and it is shown that, even though the out-of-plane scattering is
dominating, scattering into SPPs can be very efficient for small gaps (∼ 10 nm) and
feature a cross section that at resonance even exceeds the strip width.

Concerning the third and last subject, superlensing properties of metal films, the-
oretical investigations using the multiple scattering formalism, the modal expansion
formalism, and the finite element method are presented. Within the third topic two
papers are presented. The first paper is a short overview paper which presents possible
superlensing effects in holey metal films. We show that within the perfect conductor
and effective medium limit and at some resonant frequencies, holey metal films make
perfect endoscopes. Meaning that they are capable of transforming an image from
the input to the output side of the film with subwavelength resolution. It is presented
that under the above assumptions the transmission coefficient of light through a holey
film is unity independent of the parallel momentum. Thus all waves, both propagat-
ing and evanescent, are transmitted with unit efficiency. Calculations presenting the
subwavelength imaging properties of a 1D endoscope, based on a slit array, are given
both with and without absorption in the metal included. The second paper is a more
thorough paper, which presents a derivation of the transmission coefficients of holey
metal film using the modal expansion formalism in details. In the paper it is further-
more illustrated how holey metal films effectively can be mapped into homogenous
anisotropic films with effective optical properties controlled by the geometrical param-
eters of the holes. Lastly the paper presents a detailed analysis of the subwavelength
imaging properties of a 1D silt array endoscope, which among other things, presents
an estimate of the ultimate resolution of the 1D slit array endoscope.



Chapter 6

Resume (in Danish)

Dette ph.d. projekt præsenterer teoretiske undersøgelser af vekselvirkningen mellem
lys og metalliske mikro- og nanostrukturer. Denne vekselvirkning er interessant, fordi
metalliske strukturer understøtter overflade plasmon polariton bølger. Forskningen i
vekselvirkningen mellem lys og metalliske strukturer er opst̊aet som et underomr̊ade
af nanooptik og kendes i dag under navnet plasmon optik (plasmonics). Arbejdet,
som præsenteres i denne afhandling, bidrager til tre emner indenfor plasmon optik;
ledning af plasmon polaritoner med metalliske bølgeledere, resonant lysspredning og
feltforstærkningsegenskaber af metalliske nanoresonatorer og til sidst superlinse egen-
skaber af tynde metal film med sm̊a huller i. Udover disse tre emner gives der en
generel introduktion til overflade plasmon polaritoner og deres fundamentale egen-
skaber. Efter nogle generelle bemærkninger omkring det teoretiske fundament, de-
fineres overflade plasmon polaritoner, deres eksistenskriterium diskuteres og deres
fundamentale egenskaber præsenteres for plane overflader samt for simple metalliske
nanostrukturer.

Indenfor det første emne, metalliske bølgeledere, er der lavet teoretiske under-
søgelser med effektiv indeks metoden og finite element metoden. Alle finte element
beregninger er lavet med det kommercielle program COMSOL Multifysik. To artik-
ler er skrevet og publiceret. I den første artikel præsenteres en teoretisk analyse af
en kvadratisk metallisk bølgeleder. Det vises, at denne plasmon optiske bølgeleder er
unik, idet den kan lede langtrækkende overflade plamon polaritoner for begge polarisa-
tioner. En fælles svaghed for mange plasmon optiske bølgeledere er, at de kun tillader
udbredelse for en polarisation. Baseret p̊a symmetrierne af bølgelederen præsenteres
et skematisk overblik over de bølgetilstande, som bølgelederen understøtter og det
vises, at de fundamentale bølgetilstande kan konstrueres ved at koble hjørne plas-
mon bølgetilstandene, som de fire individuelle hjørner af bølgelederen understøtter. I
den anden artikel præsenteres skaleringsregler for gab plasmon baserede bølgeledere.
Normaliserede bølgeleder parametre (ogs̊a kendt som V parametre) introduceres for
tre forskellige bølgeledere; en gab overflade plasmon polariton bølgeleder, en rektan-
gulær grøft bølgeleder og en V bølgeleder. Ved hjælp af finite element simuleringer
demonstreres det, at to bølgeledere af samme type og med samme V parameter, men
med forskellige dimensioner og arbejdsbølgelængde, har stort set ens normaliserede
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feltfordelinger. Dette betyder at de introducerede V parametre kan bruges til at de-
signe plasmon optiske bølgeledere i forskellige størrelser med specifikke feltfordelinger
uden, at komplicerede og tidstunge numeriske beregninger behøves.

I forbindelse med det andet emne, resonant lysspredning og feltforstærkningsegen-
skaber af metalliske resonatorer, præsenteres teoretiske undersøgelser lavet med Gre-
ens funktion integralligningsmetoder og eksperimenter lavet med refleksionsspektro-
skopi. Tre artikler er inkluderet i afhandlingen. I den første artikel præsenteres en
yderligere udvikling af Greens funktion overflade integralligningsmetoden, som kan
anvendes til at analysere lysspredning fra en spreder, som er placeret tæt p̊a en metal
overflade. Det vises, at man ved at vælge en hensigtsmæssig Greens funktion kan
undersøge en spreder tæt p̊a en overflade med integralligninger, som er forminvari-
ante med dem, som bruges til at analysere en spreder placeret i et homogent me-
die. Der præsenteres en fremgangsm̊ade til at beregne denne Greens funktion og der
præsenteres fjernfeltsapproksimationer, som muliggør en effektiv evaluering af b̊ade
ud af planen spredningen og, i tilfældet hvor sprederen er tæt p̊a en metal overflade,
spredningen ind i overflade plasmon polaritoner, som udbreder sig langs overfladen. I
den anden artikel præsenteres b̊ade en teoretisk analyse og en eksperimentel demon-
stration af resonant lysspredning fra guld nanostriber p̊a glassubstrater. Prøverne
er lavet ved hjælp af elektronstr̊ale litografi, eksperimenterne er lavet ved hjælp af
refleksionsspektroskopi, og beregninger er lavet ved hjælp af Greens tensor areal inte-
gralligningsmetoden. En sammenligning af beregningerne og eksperimenterne viser,
at der er god overensstemmelse mellem de beregnede og de m̊alte spredningstværsnit.
I den tredje artikel, som præsenteres, bruges Greens funktion overflade integrallig-
ningsmetoden til at analysere to forskellige resonator konfigurationer; en metalstribe
tæt p̊a enten en metal overflade eller en metal blok. I artiklen vises, at den resonante
lysspredning i begge konfigurationer kan relateres til konstruktiv interferens mellem
fremad og bagud løbende gab plasmon polaritoner, som for visse bølgelængder danner
st̊aende bølger i gabet. I konfigurationen hvor striben er tæt p̊a en metal overfalde,
kan lys b̊ade blive spredt ud af planen men ogs̊a ind i overflade plasmon polaritoner,
som udbreder sig langs metal overfladen. I artiklen bliver disse to spredningskanaler
evalueret separat, og det vises, at selvom ud af planen spredningen dominerer for
de valgte parametre, s̊a kan spredningen ind i overflade plasmon polaritoner være
meget kraftig, især for sm̊a gab (∼10 nm), hvor overflade plasmon polariton spred-
ningstværsnittet kan overg̊a bredden af striben.

I forbindelse med det tredje og sidst emne, superlinse egenskaber af metalliske film
med sm̊a huller i, præsenteres to artikler. Den første artikel er en kort artikel, som
præsenterer superlinse egenskaberne af metal film med sm̊a huller i, p̊a et overordnet
plan. Det vises, at en perfekt ledende metal film med huller, som er meget sm̊a i
forhold til bølgelængden af lyset, kan virke som et perfekt endoskop ved bestemte
frekvenser. Dette betyder, at en hullet metal film er i stand til at overføre et billede
fra den ene side til den anden side af filmen med en opløsning, som bryder diffraktions-
grænsen. I artiklen vises det, at under de ovenst̊aende forudsætninger bliver trans-
missionskoefficienten for lys igennem en hullet metal film t = 1 for alle bølgevektorer.
Dette betyder, at alle plane bølger, b̊ade propagerende og eksponentielt aftagende,
transmitteres igennem filmen med en effektivitet p̊a 1. Den anden artikel er en mere
dybdeg̊aende artikel, som i detaljer præsenter, hvordan transmissionskoefficienterne
for lys igennem hullede metal film udledes. Ydermere vises det i artiklen, hvordan
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hullede metal film effektivt kan erstattes med en homogen anisotropisk film, hvor de
effektive optiske egenskaber er bestemt af de geometriske dimensioner af hullerne i
metal filmen. Til sidst i artiklen gives en detaljeret gennemgang af afbildningsegen-
skaberne af et en-dimensionalt endoskop, hvor der blandt andet gives et bud p̊a den
maksimale opløsningsevne af endoskopet.
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Bound electromagnetic modes supported by a square metal rod embedded in a lossless dielectric medium are
determined and characterized. Based on the symmetry of the waveguide configuration, a schematic overview of
the supported fundamental modes is given. These fundamental modes are related to coupling between four
corner modes associated with individual metal corners of the square rod waveguide. Utilizing the finite element
method a numerical analysis of the waveguide is performed at telecom wavelengths ��1550 nm�. The mode
dispersion with the rod size, mode field orientations, profiles, and widths are presented. Unlike thin metal stripe
waveguides, the square metal waveguide is shown to support long-range surface plasmon-polariton modes for
both polarizations. The configuration studied is a gold core embedded in a polymer �benzocyclobutene�.
Surface plasmon-polariton modes of both polarizations are shown to be guided with a propagation length of
approximately 3 mm for a metal core size of 200�200 nm2. The possibility of long-range polarization-
independent transmission of surface plasmon-polariton modes makes the square surface plasmon-polariton
waveguide unique and a promising optical component, from which future plasmonic interconnects and circuits
can benefit.
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I. INTRODUCTION

The ability to transmit or direct optical signals along
waveguide structures of subwavelength dimensions is crucial
for the further development of integrated optics in the con-
text of ever increasing demands for miniaturization. One way
of achieving subwavelength confinement of light is by means
of surface electromagnetic waves, known as surface plasmon
polaritons �SPPs�, propagating along an interface between a
metal and a dielectric medium.1 Over the last two decades,
the research and development of different SPP waveguide
configurations have considerably intensified. One of the most
promising configurations studied recently, with integrated
optics in mind, is a thin metal stripe �its width being much
larger than its thickness� embedded in a dielectric.2–5 This
waveguide configuration offers the possibility of the mode
confinement to match that of a single-mode fiber and its
propagation length to extend into the millimeter range. There
is, however, an important drawback, which is common for
most SPP waveguide configurations, that the long-range
propagation is supported only for one polarization of the
electric field. A plasmonic waveguide allowing for long-
range propagation of both polarizations would be a major
advance in plasmonic integrated optics.

The main component of the SPP electric field is oriented
perpendicular to the metal surface �due to the boundary con-
ditions�, implying thereby that when searching for the
polarization-independent guiding of SPP modes, one should
look at metal structures with symmetric cross sections. In-
deed, experimental studies by Leosson et al.6 have recently
verified long-range SPP guiding along square metal rods for
both polarizations. At telecom wavelengths, optical radiation
was shown to propagate up to several millimeters. In this
paper, the surface electromagnetic modes of square surface
plasmon-polariton waveguides �SSPPWs� are determined
and characterized at telecom wavelengths ��1550 nm� by

means of the finite element method.7,8 To some extent, SSP-
PWs have been studied theoretically by the method of lines.9

The finite element method is known as a successful numeri-
cal technique for analyzing optical waveguide structures and
has previously been utilized to characterize SPP modes in
metal-clad optical waveguides10 and to analyze gain assisted
SPPs in metal slab and stripe geometries.11

This paper is organized as follows. In Sec. II, the wave-
guide structure, the SPP modes supported by the structure,
and the numerical technique used in the analysis are pre-
sented. The numerical results are presented in Sec. III. The
electromagnetic modes supported by a SSPPW are character-
ized from sub- to suprawavelength metal core sizes. The
mode dispersion with the size, field orientations, and field
profiles, including mode width, are presented. Lastly, the
electromagnetic modes supported by the square waveguide
configuration are related to the modes supported by the rect-
angular metal stripe configuration. Section IV presents the
conclusion.

II. STRUCTURE AND NUMERICAL TECHNIQUE

A. Structure

The waveguide structure studied consists of two regions
� and �. � is a lossy metal core with thickness t and width
w. The metal core is surrounded by �, which is an infinite
lossless dielectric material �Fig. 1�a��. The direction of
propagation is along the z axis, which is out of the paper. The
metal is characterized by a complex dielectric constant ��,
whereas the dielectric constant of the surrounding medium
�� is real. If the width and the thickness of the metal core are
identical, t=w, the waveguide structure is a SSPPW.

The formation of super SPP modes supported by thin
metal films �metal slabs�, which exhibit dispersion with film
thickness, can be explained by mode coupling, due to field
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tunneling through the metal film, between the SPP modes
guided by the two interfaces as the film becomes thin
enough. In a similar way, the fundamental SPP modes sup-
ported by the SSPPW can be explained by a mode coupling
of wedge or corner plasmon polariton �PP� modes supported
by isolated corners �Fig. 1�b��. Wedge modes of single iso-
lated corners have been analyzed before.12–16 The SSPPW
configuration consists of four corners connected by four pla-
nar surfaces. One approach for determining the SPP modes
supported by the SSPPW is to construct the super modes
from proper combinations of the four corner modes, taking
into account the symmetries of the SSPPW. As an isolated
corner supports one fundamental corner mode, it is expected
that the SSPPW with four corners at least supports four SPP
modes. These four SPP modes will be referred to as the
fundamental modes of the SSPPW. If the metal core is opti-
cally large, the four corners are far apart and there is no
coupling between the four isolated corner modes. Further-
more, side modes where SPPs are propagating along each of
the four planar surfaces are supported. These modes are al-
most zero at the corners and are localized along the sides of
the metal core. Such side modes, both leaky and bound, have
been analyzed for air-exposed metal stripes on glass sub-

strates by Zia et al.17 For optically large metal cores, the four
fundamental modes are practically degenerate and have the
mode index of a PP of a single isolated corner. As the size of
the metal core decreases, the mode fields of the four corner
modes start to overlap, and the degeneracy of the four fun-
damental modes is lifted. New modes are formed from the
coupling between the four corner modes. By choosing one or
the other sign �� or �� for each corner mode, four linearly
independent field combinations can be constructed �Fig. 1�.
The four super SPP modes are constructed from combina-
tions of the four PP corner modes involving zero or two
negative signs. Combinations with one or three negative
signs are inconsistent with the overall symmetry of the sys-
tem. The super modes must be symmetric or antisymmetric
with respect to the x and y axes. The fundamental SPP modes
supported by the SSPPW are labeled in terms of two indices.
The first and second indices denote the number of nodes or
sign changes in the dominant component of the electric field
along the x and y axes, respectively �the y component along
the x axis and the x component along the y axis�. These two
indices are appended as superscripts to the symbol E for the
electric field. The E�0,0� mode �Fig. 1�c�� and the E�1,1� mode
�Fig. 1�d�� remain unchanged after a 90° rotation around the
z axis �except for a sign change in the E�1,1� mode�. The two
last modes, E�0,1� �Fig. 1�e�� and E�1,0� �Fig. 1�f��, transform
into one another by a 90° rotation around the z axis. Because
the square geometry of the SSPPW makes the x and the y
axes interchangeable, it is evident that E�0,1� and E�1,0� are
degenerate, and there is a 90° rotational symmetry around
the z axis in the sum of the norm squared of E�0,1� and E�1,0�.
Note that it is possible to construct corner fields located on
each of the four corners from a superposition of the fields of
the four fundamental SSPPW modes depicted in Figs.
1�c�–1�f�. Some of the super modes of the SSPPW can, in a
simple manner, be related to the two super SPP modes of a
thin metal film. If a metal rod is transformed into a thin and
infinitely wide metal stripe, the field orientation of the E�0,0�

mode �Fig. 1�c�� becomes similar to the field orientation of
the short-range super SPP mode of a thin metal film. At the
same time, the field orientation of the E�0,1� mode �Fig. 1�e��
becomes similar to the field orientation of the long-range
SPP mode of a thin metal film. Hence, the E�0,1� and E�1,0�

modes �due to the 90° rotational symmetry� can be seen as
the SSPPW analogs of the long-range SPP mode of a thin
metal film, while the E�0,0� mode can be seen as the SSPPW
analog of the short-range SPP mode.

In summary, a schematic overview of the four fundamen-
tal modes supported by the SSPPW can be constructed from
proper combinations of field coupling between four corner
modes, taking into account the symmetries of the square
waveguide structure. However, detailed information on mode
dispersion, field orientation, and distribution can only be ob-
tained from a numerical analysis of the waveguide.

It should be noted that the SPP modes of the SSPPW
studied in this paper can be excited by means of end-fire or
butt coupling, in which a SPP mode is excited by focusing
light onto the end face of the waveguide �light incidence is
along the z axis in Fig. 1�a��. An efficient excitation can be
achieved by matching the incident light field distribution �in
the xy plane� to that of the SPP mode. It is thereby clear
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FIG. 1. �a� The waveguide structure. A lossy metal core with
dielectric constant ��, thickness t, and width w is surrounded by a
lossless dielectric material with dielectric constant ��. The direction
of propagation is along the z axis. a is the distance between the
metal-dielectric interface and the border of the computational win-
dow indicated by the outer dashed square. �b� Field orientation
profile of the fundamental plasmon polariton mode supported by a
single isolated corner. �c�–�f� Field orientation profiles of the pos-
sible fundamental SPP modes supported by the SSPPW configura-
tion. The naming of the modes is according to the nomenclature
described.
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�from symmetry considerations� that when conveniently us-
ing a linearly polarized mode of a single-mode fiber for the
SSPPW excitation, only long-range E�0,1� and/or E�1,0� modes
�depending on the fiber mode polarization� can be efficiently
excited. The latter circumstance renders practical applica-
tions of SSPPWs for optical interconnects and integrated cir-
cuits.

B. Numerical technique

The starting point of the numerical analysis of the wave-
guide is the wave equation of the electric field

� � � � E − k0
2�rE = 0, �1�

where k0=���0�0 is the vacuum wave number and �r is the
relative dielectric constant. The solutions are sought of the
form

E�x,y,z,t� = E�x,y�ej�	z−�t�, �2�

where 	 is the �complex� phase or propagation constant.
In order to perform a finite element analysis of the wave-

guide structure, the infinite dielectric medium that surrounds
the metal core must be truncated. This is done by placing a
square computational window that surrounds enough of the
waveguide, metal core, and surrounding dielectric medium
for the mode field to be negligible at the computational win-
dow boundary �dashed curve in Fig. 1�a��. The boundary of
the computational window is considered as an electric wall
with n�E=0. It is important that the distance between the
metal surface and the computational window a �see Fig.
1�a�� is large in order to prevent the size of the computational
window from influencing the result of the calculation. For
bounded SPP modes, the mode field must be close to zero at
the boundary of the computational window. The minimum
size of the computational window is directly related to the
SPP mode confinement. If the SPP mode is loosely confined
to the metal core, the computational window must be large
compared to the size of the core. Using the finite element
method, the domain within the computational window is diz-
cretized in a mesh of small finite triangular elements. In all
calculations, the number of finite elements is increased until
convergence of the phase constant is reached. The number of
elements necessary to reach convergence is dependent on
both the size of the metal core and the confinement of the
SPP mode and changes from 15.000 to 50.000. If the mode
confinement is weak, the field stretches out in the dielectric
medium, and more elements are often needed to achieve con-
vergence. The mesh of the finite elements is constructed such
that the concentration of elements are high in subregions
where the field distribution varies rapidly. A high concentra-
tion of elements is needed close to the metal surface and
especially at the four corners. All finite element calculations
are made utilizing the commercial program COMSOL MULT-

IPHYSICS.

III. NUMERCIAL RESULTS

In all calculations, the free space wavelength 
0 is set to
1550 nm. This wavelength is used in optical communication

because the silicon dioxide used in optical fibers has a low
loss around this wavelength. The dielectric constants of the
two regions are set to ��=−131.9475+12.65j9 and ��

=2.356 225,18 which corresponds to a gold core surrounded
by a dielectric polymer of benzocyclobutene �BCB�. This
configuration is identical to the configuration studied experi-
mentally by Leosson et al.6 First corner rounding is briefly
discussed.

A. Corner rounding

In order to investigate the effect of corner rounding, a
single isolated 90° corner �Fig. 1�b�� is analyzed for different
radii of curvature by means of the finite element method. The
mode index of the fundamental corner PP modes is presented
in Table I. The corner mode becomes less confined and has a
longer propagation length as the radius of curvature is in-
creased. However, it is seen that if the corner rounding is
below 20 nm, the effect is small. In all calculations, the cor-
ners of the metal core are rounded with a radius of curvature
of 10 nm. This is mainly for numerical reasons because the
field tends to become singular at sharp corners, and is fur-
thermore justified as it is practically difficult to fabricate real
structures with very sharp corners.

B. Square metal waveguide

The electromagnetic modes supported by the SSPPW are
characterized for both sub- and suprawavelength sizes start-
ing at t=w=200 nm and ending at 5000 nm.

1. Mode dispersion with size

Figure 2 depicts the dispersion of the real part of the
mode index �Re�	 /k0��, with the size of the metal core for
the electromagnetic modes supported by the SSPPW. Three
of the SPP modes supported by the configuration do not have
a transmission cutoff as the metal core size decreases. These
modes are the E�0,0� mode and two degenerate modes E�1,0�

and E�0,1�. The last of the four fundamental modes E�1,1� is
not supported for metal core sizes below 1500 nm. For metal
cores sizes above 3000 nm, a side mode is, on the other
hand, supported. As the size of the metal core decreases, the
real part of the mode index of the E�0,0� mode increases. This
corresponds to the fact that the confinement of the E�0,0�

mode increases as the size of the metal core decreases. The
real part of the mode index of two degenerate modes E�1,0�

TABLE I. Mode index of the fundamental corner mode vs ra-
dius of curvature calculated utilizing the finite element method.

Radius of curvature
�nm� Mode index 	 /k0

2 1.5599+0.0026j

5 1.5599+0.0026j

10 1.5591+0.0026j

20 1.5585+0.0025j

50 1.5441+0.0011j
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and E�0,1� decreases as the size of the metal core decreases
and tends asymptotically toward the refractive index of the
surrounding dielectric medium. In the suprawavelength re-
gion, the four fundamental modes converge toward a four-
time degenerate SPP mode with a mode index of a PP mode
supported by a single isolated corner. The analysis of an
isolated corner with a 10 nm radius of curvature yielded
Re�	 /k0�=1.5591. This value corresponds well to the value
of the four fundamental modes of a SSPPW with a metal
core size of 5000 nm �Fig. 2�. The side mode is a mode
where SPPs propagate along each of the four sides of the
square metal core. The side mode has transmission cutoff for
metal core sizes below approximately 3000 nm.

Figure 3 depicts the dispersion of the propagation length
L= �2 Im�	��−1 with the size of the metal core. The two de-
generate modes E�1,0� and E�0,1� become long range, with
propagation lengths above 1 mm, when the size of the metal
core is decreased below 300 nm. For a metal core size of
200 nm, the propagation length of the two degenerate modes
is approximately 3 mm. 3 mm is not long range if compared
to the propagation length of optical signals in standard opti-

cal fibers. However, it is long range measured in wavelengths
and can be sufficient for plasmonic communication on an
optical chip. The propagation length of the E�0,0� mode de-
creases as the size of the metal core decreases. If the metal
core size is 200 nm, LE�0,0� �16. For suprawavelength metal
core sizes, the propagation lengths of the four fundamental
SPP modes converge toward the propagation length of a PP
mode supported by a single isolated corner with L�48 �m.
The propagation length of the less confined side mode is
larger than the propagation lengths of the four fundamental
modes. A comparison of Figs. 2 and 3 reveals that the E�1,1�

mode has both a lower Re�	 /k0� and a smaller propagation
length than the E�0,0� for suprawavelength metal core sizes.
This is not physically intuitive because a lower Re�	 /k0�
normally implies that the mode is less confined and should
therefore have a longer propagation length. This phenom-
enon is also observed, but not commented on, in the theoret-
ical study of metal stripes by Berini.2 The numerical tech-
nique utilized by Berini is the method of lines, which is
another numerical approach besides the finite element
method utilized in this paper. As both approaches imply the
same tendency, it is not considered as an error.

The E�0,0� mode is the SSPPW analog of the fundamental
SPP mode supported by the circular SPP waveguide, which
was theoretically analyzed by Takahara et al.19 With the
E�0,0� mode, it is possible to achieve high mode confinement
at the price of a high propagation loss. The E�0,0� mode, is
therefore not suitable for plasmonic communication but
could possibly be used in a SPP resonator based on slow SPP
modes propagating back and forth along a thin metal wire of
finite length.20

The E�1,0� and E�0,1� modes can be utilized for
polarization-independent long-range SPP guiding. The E�1,0�

mode is almost entirely polarized along the x axis and guides
x-polarized light. The E�0,1� mode is polarized along the y
axis and guides y-polarized light. As E�1,0� and E�0,1� are de-
generate, excitation by means of end-fire or butt coupling
will allow SPP guiding with the same mode index �and
propagation loss� for both polarizations of the incident light.
This makes the SSPPW unique because, as argued in the
Introduction, metal stripe waveguides are very polarization
dependent. The theoretically predicted propagation lengths
of the E�1,0� and E�0,1� modes in Fig. 3 correspond well to the
experimental results reported by Leosson et al.6

2. Electric field orientation in the xy plane

Arrow plots of the electric field orientation in the xy plane
are presented for the four fundamental modes. The orienta-
tion of the electric field is indicated by arrows �Figs. 4–6�.
The length of the x �y� component of the arrow is propor-
tional to the amplitude of the Ex �Ey� component of the elec-
tric field. The norm of the electric field is also depicted in the
arrow plots. The electric field orientation of the E�0,0� mode
�Fig. 4� has a mirror symmetry with respect to both x and y
axes and is perpendicular to the metal surface along all four
sides. This is in good agreement with the schematic overview
of the E�0,0� mode presented in Fig. 1�c�. Figure 5 shows how
the E�0,1� mode has a main field polarization along the y axis.
The field orientation plot of the E�1,0� mode is obtained by a
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90° rotation of the plot of the E�0,1� mode around the z axis.
Thus, the E�1,0� mode has a main polarization along the x
axis. The numerical results of the E�0,1� and E�1,0� modes are
also in good agreement with Figs. 1�e� and 1�f�. However,
the numerical results show very clearly that these two degen-
erate modes are strongly polarized along the y and x axes,
respectively. The arrow plot of the E�1,1� mode shows the
orientation and magnitude of the electric field for a metal
core size of 2 �m. This mode has a transmission cutoff for
metal core sizes below approximately 1500 nm. The plot
shows that the mode field �x and y components� is zero at the
middle of all four sides of the metal core. As the metal core
size decreases, there is not enough space along the sides to
sustain these zeros, and the mode therefore has a transmis-
sion cutoff.

3. Mode width

The mode width is determined for metal core sizes below
1000 nm. The mode width 2rw is defined as two times the
distance from the center of the metal core to the point where
the norm of the electric field has decayed to 1/e of its maxi-

mum value. The mode width of the E�0,0� is determined along
the x axis. For E�1,0� and E�0,1�, the mode width is determined
along the x and y axes, respectively. The mode width is de-
fined by the following equation:

Enorm�rw� =
1

e
Enorm

max , �3�

where Enorm
max is the maximum value of the norm of the electric

field and rw is the half of the mode width. A schematic illus-
tration of how the mode width is estimated is depicted in the
inset in Fig. 7. The mode width is illustrated by the double
arrow. The solid square represents the size of the metal core.
It can be seen that the skin depth of the electric field in the

FIG. 4. Magnitude and orientation of the electric field in the xy
plane of the E�0,0� mode for a metal core size of 1 �m.

FIG. 5. Magnitude and orientation of the electric field in the xy
plane of the E�0,1� mode for a metal core size of 1 �m. The field
orientation plot of the E�1,0� mode is obtained by a counterclockwise
rotation of 90° around the z axis, which is out of the paper.

FIG. 6. Magnitude and orientation of the electric field in the xy
plane of the E�1,1� mode for a metal core size of 2 �m.
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FIG. 7. Mode width versus metal core size for the E�1,0�, E�0,1�,
and E�0,0� modes for metal core sizes below 1000 nm. The inset
shows schematically how the mode width 2rw is defined. The solid
line represents the norm of the electric field along the axis by which
the mode width is determined, and the dashed line is 1 /e of the
maximum of the norm of the electric field. The size of the metal
core is indicated by the black square.
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metal is very small and that the electric field decays in an
exponential manner in the dielectric. The mode width versus
metal core size of the two degenerate modes E�1,0� and E�0,1�

�Fig. 7� shows that the mode width increases rapidly when
the metal core decreases below 300 nm. This indicates that
the E�1,0� and E�0,1� modes are weakly confined to the metal
structure when the metal core decreases below 300 nm. The
mode width of the two degenerate modes has a distinct mini-
mum at a metal core size of approximately 400 nm. Thus,
the smallest mode field of the long-range modes is achieved
for a metal core size of approximately 400 nm. The mode
width of the E�0,0� mode decreases as the metal core size
decreases. When the size of the metal core becomes large,

the mode width of all the fundamental modes tends asymp-
totically toward the size of the metal core. In general, it can
be seen that it is possible to tune the size of the SPP mode by
choosing the right size of the metal core. From a technologi-
cal point of view, this is valuable because the mode size of
the SSPPW can be custom designed to match, e.g., the size
of an optical fiber mode. Thus, by choosing the right size of
the metal core, a good overlap with an optical fiber mode can
be achieved. An optical fiber has two degenerate fundamen-
tal guided modes. In comparison, the SSPPW has four fun-
damental modes, but only three of them are supported for
subwavelength metal core sizes. These three modes are the
two degenerate long-range modes �E�1,0� and E�0,1�� and the
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FIG. 8. Field distribution pro-
files of the electric and magnetic
field components of the E�0,0�

mode over a cross section of the
waveguide for a metal core size of
400 nm. The electric and mag-
netic field components are nor-
malized by max��Ey��=1 and
max��Hx��=1.
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short-range mode �E�0,0��. Regarding plasmonic communica-
tion, it is preferable to couple light from an optical fiber to
the long-range modes. However, if the short-range mode is
also excited, it will die out fast due to absorption. Further-
more, a good overlap between an optical fiber mode and the
long-range modes will result in a poor overlap with the
short-range mode because the mode size of the short-range
mode is small compared to the long-range mode and because
of symmetry mismatch with the optical fiber mode. This is
especially pronounced for metal core sizes below approxi-
mately 400 nm. Roughness along the waveguide could, aside
from scattering, also result in a continuous coupling of en-
ergy from the long-range to the short-range mode. However,
in experiments, this does not seem to be a problem.6

4. Field distribution profiles

Field distribution profiles of the fundamental SSPPW
modes are presented. All field components are, in general,
complex but are presented as Re�Ex�, Re�Ey�, Re�Hx�,
Re�Hy�, Im�Ez�, and Im�Hz�. This is chosen because the real
parts of the transverse components are larger than �and equal
in distribution to� the imaginary parts and because the real
parts of the longitudinal components are small compared to
the imaginary parts. Figure 8 shows the field distribution
profiles of the six field components of the E�0,0� mode over a
cross section of the waveguide for a metal core size of
400 nm. The electric field components are normalized such
that the absolute maximum of Ey is unity. The magnetic field
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FIG. 9. Field distribution pro-
files of the electric and magnetic
field components of the E�0,1�

mode over a cross section of the
waveguide for a metal core size of
400 nm. The electric and mag-
netic field components are nor-
malized by max��Ey��=1 and
max��Hx��=1. The field distribu-
tion of the E�1,0� is obtained by ro-
tating the entire waveguide struc-
ture 90° around the z axis.
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components are normalized such that the absolute maximum
of Hx is unity. Ex and Ey are equal in size, and E�0,0� has
therefore no dominating electric field component. Hx and Hy
are also identical in size. The maximum of all six compo-
nents are located at the corners of the metal core, and all six
components decay in an exponential-like manner away from
metal surfaces. Figure 9 shows the field distribution profiles
of the E�0,1� mode. Because E�1,0� and E�0,1� are degenerate,
the field distribution profiles calculated by means of the finite
element method utilizing COMSOL MULTIPHYSICS are often a
mixture of the two modes. In order to avoid this, it was
necessary to place electric walls �n�E=0� along the x and y
axes for the E�0,1� and E�1,0� modes, respectively. The domi-

nating electric and magnetic field components of the E�0,1�

mode is Ey and Hx, respectively. As the SSPPW has a 90°
rotational symmetry around the z axis, the field components
of the E�1,0� mode can be directly deduced from the field
components of the E�0,1� mode. The E�1,0� mode is simply the
E�0,1� mode rotated 90° around the z axis. Utilizing this, it is
readily seen that the dominating electric and magnetic field
components of the E�1,0� mode is Ex and Hy, respectively.
The guiding of both x- and y-polarized long-range SPP
modes of the SSPPW is thus a direct consequence of the 90°
rotational symmetry of the physical structure of the wave-
guide. The six electromagnetic field components of the E�1,1�

are presented in Fig. 10. The x and y components of the

(a) Re(Ex) of the E(1,1) mode. (b) Re(Hx) of the E(1,1) mode.

(c) Re(Ey) of the E(1,1) mode. (d) Re(Hy) of the E(1,1) mode.

(e) Im(Ez) of the E(1,1) mode. (f) Im(Hz) of the E(1,1) mode.

FIG. 10. Field distribution pro-
files of the electric and magnetic
field components of the E�1,1�

mode over a cross section of the
waveguide for a metal core size of
2000 nm. The electric and mag-
netic field components are nor-
malized by max��Ey��=1 and
max��Hx��=1.
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electric field of this mode dominate equally, and the mode
therefore has no dominating electric field component. This is
also the case for the transverse magnetic components.

C. Rectangular vs square metal waveguides

In order to investigate how the SPP modes supported by
the square metal waveguide are related to the modes sup-
ported by the rectangular metal waveguide �the metal stripe
t�w�, the mode dispersion is calculated starting from a sub-
wavelength size SSPPW going through the rectangular
waveguide and ending at a suprawavelength size SSPPW
�Fig. 11�. Starting with a SSPPW of 200 nm, the width w is
increased to 5000 nm �the metal stripe structure�, and subse-
quently the thickness t is increased to 5000 nm �see inset in
Fig. 11�. The four modes transforming into the corner modes
of the SSPPW are in the nomenclature developed by Berini,2

named sab
0, aab

0, ssb
0, and asb

0. In this nomenclature, the first
two characters specify the symmetries of the dominating
electric field component with respect to the y and x axes,
respectively. The subscript b specifies that the mode is
bound. The subscript could be l if the mode is leaky. The
superscript specifies the number of extrema observed in the
field distribution of the dominating electric field component
along the largest transverse dimension of the metal core. As
the two degenerate modes of the SSPPW have the same sym-
metry and number of extrema in the dominating field com-
ponent, Berini introduced a second subscript9 in order to
separate the two modes from each other. The extra subscript
is either x or y, which indicates that the dominating electric
field component is either Ex or Ey. The four fundamental
modes of the SSPPW E�0,0�, E�0,1�, E�1,0�, and E�1,1� are with
Berini’s notation, named sab

0, ssbx
0 , ssby

0 , and asb
0. In the metal

stripe configuration, these are named sab
0, aab

0, ssb
0, and asb

0,
respectively. For a SSPPW with a metal core size of
5000 nm, the latter four modes are practically degenerate
with a mode index equal to the mode index of a PP mode
supported by an isolated corner. In the SSPPW configuration,
these modes are named E�0,0�, E�1,0�, E�0,1�, and E�1,1�. When
the thickness is decreased, the four modes split up into two
almost degenerate upper branches, sab

0 and aab
0, and into two

lower branches, ssb
0 and asb

0. sab
0 and aab

0 are named corner

modes and ssb
0 is named the dominant symmetric stripe

mode.3 The two upper branches have an antisymmetry in the
dominating electric field component across the x axis,
whereas the two lower branches have a symmetry. The side
mode supported by the suprawavelength size SSPPW is also
supported by the metal stripe configuration and is named sab

1

with Berini’s notation. The sab
1 is also named the dominant

antisymmetric stripe mode.3 When the width of the metal
stripe is decreased, the degeneracy of the two upper branches
are lifted and the two modes split up. When the metal core
becomes square, the sab

0, aab
0, and ssb

0 modes of the metal
stripe becomes the E�0,0�, E�1,0�, and E�0,1� modes of the
SSPPW, respectively. In the configuration studied here
�BCB, gold, and 
0=1550 nm�, the asb

0 and sab
1 modes have

transmission cutoffs for w�5000 nm and w�4000 nm, re-
spectively. The dispersion branch of the asb

0 mode crosses the
dispersion branch of the sab

1 mode as the thickness of the
metal stripe is reduced. Such crossing is also observed in the
analysis of metal stripe waveguides by Berini.2 An investi-
gation of the field distribution profiles of the two modes in
the crossing region shows that the two modes are very dif-
ferent in distribution.

IV. CONCLUSION

In conclusion, we have described and characterized the
surface electromagnetic modes supported by SSPPWs at
telecom wavelengths ��1550 nm� for both sub- and supra-
wavelength metal core sizes. It was shown how mode cou-
pling between four plasmon polariton modes of isolated cor-
ners and the symmetries of the SSPPW can be used to
deduce a schematic overview of the fundamental SPP modes
supported by the structure. The technique utilized for the
numerical analysis of the SSPPWs was the finite element
method. The configuration studied was a square gold core
surrounded by an infinite lossless dielectric polymer of BCB.
The mode dispersion with the size, field orientations, and
field profiles, including mode width, have been presented.
The SPP modes supported by the SSPPW have been related
to the modes supported by the rectangular metal stripe con-
figuration, and it was shown how three of the fundamental
stripe modes transform into three of the fundamental modes
of the SSPPW as the stripe is gradually changed to a SSPPW.
For subwavelength metal core sizes, the three modes sup-
ported by the SSPPW are one short range and two degenerate
long range. The short-range mode is the SSPPW analog of
the fundamental SPP mode supported by the circular SPP
waveguide.19 With the short-range SSPPW mode, it is pos-
sible to achieve high mode confinement at the price of a
significant increase in the propagation loss. The short-range
mode can possibly be used in SPP resonators based on slow
SPP modes propagating back and forth along a thin metal
wire of finite length. The two degenerate modes become long
range as the size of the metal core decreases and can be
utilized for long-range SPP guiding. For a metal core size of
200 nm, the two degenerate modes have a propagation
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length of approximately 3 mm. One of the long-range modes
is polarized along the x axis, whereas the other is polarized
along the y axis. These modes allow for polarization-
independent plasmonic communication. Thus, unlike the thin
metal stripe waveguides, the SSPPW supports long-range
SPP waves for both polarizations. This makes the SSPPW
unique and a promising optical component from which fu-
ture plasmonic communication can benefit.
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Abstract:  Using the effective-index approach and an explicit expression 
for the propagation constant of gap surface plasmon polaritons (G-SPPs) 
obtained for moderate gap widths, we introduce a normalized waveguide 
parameter characterizing the mode field confinement and obtain the 
corresponding expressions for various (gap, trench and V-groove) G-SPP 
based waveguides. Usage of the obtained relations is investigated with a 
finite-element method, demonstrating that waveguides with different 
dimensions and operating at different wavelengths, but having the same 
normalized parameter, exhibit very similar field confinement. These 
relations allow one to design G-SPP waveguides for single-mode operation 
supporting a well-confined fundamental mode.  
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1. Introduction 

Photonic components are superior to electronic ones in terms of operational bandwidth but 
suffer from the diffraction limit that constitutes a major problem on the way towards 
miniaturization and high density integration of optical circuits. The degree of light 
confinement in dielectric structures, including those based on the photonic band-gap effect, is 
fundamentally limited by the light wavelength in the dielectric used. The main approach to 
circumvent this problem is to take advantage of the hybrid nature of surface plasmon 
polaritons (SPPs) whose subwavelength confinement is achieved due to the very short 
(nanometer-sized) penetration of light in metals [1]. The important issue in this context is to 
strongly confine the SPP field in the cross section perpendicular to the SPP propagation 
direction (smaller cross sections ensure smaller bend losses and higher densities of 
components), while keeping relatively low propagation loss. Among various SPP guiding 
configurations, waveguides utilizing SPP modes supported by a dielectric gap between two 
metal surfaces [2] promise the possibility of achieving a better trade-off between the lateral 
confinement and the propagation loss [3]. Gap-SPP (G-SPP) based configurations include 
waveguides having the gap width varying in the lateral direction [4, 5], trench [3, 6] and V-
groove [7-9] waveguides. The latter configuration has recently been exploited to realize 
various subwavelength waveguide components, including Mach-Zehnder interferometers and 
waveguide-ring resonators [10] as well as add-drop multiplexers and grating filters [11]. 

Modeling of SPP waveguides allowing for the two-dimensional (2D) mode field 
confinement (in the cross section perpendicular to the propagation direction) is, in general, a 
rather complicated problem requiring the usage of sophisticated computational techniques [4-
6, 7, 8, 12], which is often time-consuming due to the very detailed discretization required 
near metal edges. Even though very careful and detailed simulations are crucial for 
understanding intricate physical phenomena involved (e.g., hybridization of channel and 
wedge SPP modes [12]), it has been found that the effective-index method (EIM) [13] can be 
quite helpful in judging upon the existence of guided (bound) SPP modes [3, 9, 14, 15]. The 
main attractive feature of the EIM is that it allows one to combine the results of modeling 
conducted for one-dimensional (1D) waveguide configurations so that the characteristics of 
2D (channel) waveguides can be described [13]. For a rectangular-core waveguide, one 
should first analyze a planar (slab) waveguide obtained by letting one dimension of the 
original 2D waveguide approach infinity. The obtained in this way mode propagation 
constant(s) is then used to define the corresponding effective dielectric index(es) assigned to 
the core index(es) of another 1D waveguide considered in the perpendicular direction. The 
propagation constant(s) of this second waveguide are taken to represent those of the original 
rectangular waveguide [13]. Furthermore, for the purpose of evaluating the guiding potential 
one can make use of the normalized waveguide parameter (normalized frequency [16]) 
avoiding the implementation of the second step in the EIM [3]. Note that the waveguide 
parameter can be rigorously introduced only for 1D (thin-film) waveguide configurations 
[16], and that its usage for 2D SPP-based waveguides should thus be carefully examined. 

In this work, using the EIM along with an explicit (approximate) expression for the G-SPP 
propagation constant obtained for moderate gap widths, we introduce a normalized waveguide 
parameter characterizing the mode field confinement and obtain the corresponding 
expressions for various (gap, trench and V-groove) G-SPP based waveguides. Usage of the 
obtained relations is investigated with a finite-element method (FEM), demonstrating that 
waveguides with different dimensions and operating at different wavelengths, but having the 
same normalized parameter, exhibit very similar field confinement. These exceedingly simple 
relations allow one to properly choose the system parameters in a broad range so as to realize 
the single-mode operation of G-SPP waveguides with a well-confined fundamental mode. 
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2. G-SPP propagation constant for moderate gap widths 

Many different SPP modes can be found in multiple-interface systems [2], when the SPPs 
associated with individual metal-dielectric interfaces start interacting with each other. 
Considering the SPP modes associated with two metal-dielectric interfaces one finds that the 
SPP modes can be guided within a thin dielectric layer surrounded by metals (i.e. inside a gap 
between metals), constituting (for even symmetry of the transverse field component) G-SPP 
modes that can be found for any gap width [2-4]. The G-SPP characteristics were discussed in 
detail elsewhere [17], paying special attention to the non-trivial dependence of the G-SPP 
propagation length on the gap width that indicates that G-SPPs exploit in the most efficient 
way the available dielectric space (gap) between the metal walls minimizing thereby the 
absorption loss [3]. This remarkable feature stimulates investigations of various G-SPP based 
waveguide geometries. Since the G-SPP effective index is strongly dependent on the gap 
width (increasing with its decrease) it is natural to exploit this dependence for achieving the 
2D lateral mode confinement by laterally varying the gap width forming gap [4, 5], trench [3, 
6] and V-groove [7-9] waveguides (Fig. 1). In general, guided modes in all these 
configurations are laterally confined to a dielectric space between the closest metal surfaces, 
where the G-SPP effective index reaches its largest value, i.e. to a gap [Fig. 1(a)], in a trench 
[Fig. 1(b)] or to the bottom of a V-groove [Fig. 1(c)]. In the EIM, the corresponding 
waveguide modes can be evaluated by considering a 1D multilayer structure whose layers 
feature the refractive indexes associated with the relevant G-SPP modes [3].  

 

 
Fig. 1. Schematic of the G-SPP based waveguides under consideration. 

 
For the purpose of obtaining simple design guidelines, we start with deriving an explicit 

expression for the G-SPP propagation constant that can be used for moderate gap widths. 
Applying the appropriate boundary conditions for the electric field components and the 
aforementioned field symmetry, allows one to obtain the G-SPP dispersion relation [2]:  
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where t is the gap width, εd and εm are the dielectric constants of correspondingly dielectric 
and metal, and kgsp denotes the propagation constant of the fundamental G-SPP mode with the 
transverse field component having the same sign across the gap. For sufficiently small gap 
widths (t → 0), one can use the approximation tanhx ≈ x resulting in the following expression: 
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Here, 0
gspk  represents the G-SPP propagation constant in the limit of vanishing gaps (t → 0), 

for which the real part of the correspondent effective index, Re{kgspλ/(2π)}, becomes much 
larger than the dielectric refractive index. At the same time, the imaginary part of the G-SPP 
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propagation constant increases rapidly as well, resulting in a decrease of the G-SPP 
propagation length. For our purpose, it is desirable to further simplify the small-gap 
approximation given by Eq. (2), which is somewhat cumbersome to handle. Considering 
different gap-width-dependent terms in Eq. (2), one notices that for not too small gaps, i.e. 
when )/()(0

0
mdgsp tkk επλε>⇔< , it can be approximated as follows: 
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The G-SPP characteristics were calculated for air gaps in gold for several wavelengths in the 
interval between visible and telecom wavelengths using the exact (implicit) dispersion relation 
[Eq. (1)] and the above explicit (analytic) formula (Fig. 2). The following dielectric constants 
of gold were used in the simulations: n = 0.166 + 3.15i (λ = 653 nm), 0.174 + 4.86i (775 nm), 
0.272 + 7.07i (1033 nm), and 0.55 + 11.5i (1550 nm) [18]. 

  
Fig. 2. The G-SPP mode effective index and its propagation length as a function of the width t 
of the air gap in gold for several light wavelengths calculated exactly [Eq. (1)] and using the 
analytic (moderate gap) approximation [Eq. (3)].  

 
It is seen that the above approximation gives quite accurate values for both the G-SPP 

propagation length and effective index. In fact progressively more accurate values are 
obtained for longer wavelengths because of the large values of mε . Even for shorter 

wavelengths and other materials, the obtained relation is still fairly accurate. For example, 
considering the system parameters used for simulations of G-SPP waveguides [4], i.e. λ = 532 
nm, εd = 1, Re(εm) ≅ - 12.6 (silver), t = 34 and 85 nm, results, when using Eq. (3), in effective 
G-SPP indexes Neff ≅ 1.57 and 1.26, respectively. These values agree well with the values Neff 
≅ 1.61 and 1.28 obtained directly from the dispersion relation [4]. 

3. Gap waveguides 

The lateral G-SPP mode confinement in gap waveguides [4, 5] is achieved by decreasing the 
gap within a stripe of width w [Fig. 1(a)]. The corresponding waveguide modes can be 
described within the EIM framework by considering TE (electric field is parallel to interfaces) 
modes in a symmetric three-layer structure whose refractive indexes are given by the 
appropriate G-SPP effective indexes [3]. The normalized waveguide parameter (normalized 
frequency [16]) of a symmetric optical waveguide, consisting of a film (core) with the 
thickness w and the refractive index n1 embedded in a medium (cladding) with the refractive 
index n2, is given by [16]:  
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For the considered waveguide configuration [Fig. 1(a)], the core and cladding refractive 
indexes correspond to the effective indexes of G-SPP modes supported by gaps having the 
width t and D, accordingly. These indexes can be approximated using the explicit relation for 
the G-SPP propagation constant [Eq. (3)], resulting thereby in the following expression for the 
normalized waveguide parameter:  
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It is seen that this waveguide parameter depends explicitly on the light wavelength, reflecting 
the fact that the gap widths considered are relatively large. In the limit of very narrow gaps, 

i.e. when )/()( mdt επλε<< , the G-SPP propagation constant becomes equal to 0
gspk  [Eq. (2)] 

and the wavelength dependence disappears as expected for SPP waveguides whose operation 
is not limited by diffraction. Note that the above condition is rather stringent requiring 
extremely narrow gaps. Thus, for example, a gap width t << 13 nm is required for the system 
parameters used in the aforementioned gap waveguide made of silver.  

The usage of the waveguide parameter V allows one to choose the system parameters that 
ensure a well-confined fundamental mode. In fact, the design of single-mode waveguides is 
often aimed at achieving the best lateral mode confinement, because this confinement strongly 
influences the maximum density of waveguide components in integrated optical circuits [3]. 
For the fundamental TE0 mode, there is no cutoff (with respect to the width w) in a symmetric 
waveguide, but the effective mode width diverges in the limit of both very wide (w → ∞) and 
very narrow(w → 0) waveguides, reaching its minimum at V0 = 1.73 [16]. The parameter 
space for the single-mode symmetric waveguide, within which the fundamental mode is well 
confined, can thereby be determined by the following unequality: 1.73 ≤ V ≤ π [16]. In order 
to illustrate the usage of the waveguide parameter we modeled (using the FEM and above 
dielectric constants) two different gap waveguides made of gold, operating at two different 
wavelengths, but characterized by the same waveguide parameter Vgsp = 1.73 (Fig. 3).  

 

 
Fig. 3. (a, b). The G-SPP mode field magnitude distributions and (c) their lateral mid-plane 
cross sections shown by a dotted line in (a) for two waveguide configurations having the same 
waveguide parameter Vgsp = 1.73. 
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It is seen that the fundamental waveguide mode, when displayed using the normalized 
(with respect to the waveguide width w) cross section coordinate, exhibits the same 
confinement and field distribution in the lateral direction. All FEM simulations presented in 
this paper were conducted using the commercial software COMSOL with all sharp corners 
being rounded with a 10-nm radius, which is usually used in similar calculations [12, 19], and 
with the convergence achieved for a total number of unknowns in the range of 2·105 − 4·105. 
The fact that the modes found for two rather different waveguide configurations exhibit such a 
striking similarity in their lateral distributions is related to the circumstance that the EIM, 
which was used to introduce the waveguide parameter [Eq. (5)], is quite accurate when 
applied to the gap waveguides [3]. Thus, for the considered configurations, the mode effective 
indexes calculated with the FEM, NFEM(λ = 775 nm) ≅ 1.365 + 0.014i and NFEM(λ = 1550 nm) 
≅ 1.161 + 0.0080i, are found being quite similar to those obtained with the EIM, NEIM(λ = 775 
nm) ≅ 1.326 + 0.013i and NEIM(λ = 1550 nm) ≅ 1.145 + 0.0073i. 

4. Trench waveguides 

The waveguide modes supported by rectangular trenches [Fig. 1(b)] can be described within 
the EIM framework by considering TE modes in a three-layer structure, in which a dielectric 
core, having the effective index of the corresponding G-SPP, is sandwiched between the air 
cladding and the gold substrate [3]. Using the approximation [Eq. (3)] of moderately narrow 
gaps (trenches) and the approach similar to that employed in the previous section, one obtains 
for the normalized waveguide parameter [16] of trench waveguides: 
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mdd
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≅ 2        .                                         (6) 

The trench SPP (TPP) mode fields decrease to (nearly) zero at the trench bottom because of 
the large magnitude of dielectric constant of the metal substrate and the boundary condition 
for the electric field [3]. For this reason, the TPP mode characteristics are nearly identical to 
the corresponding (odd) modes of the symmetrical gap waveguide having the double width, a 
circumstance that allows one to deduce a simple relation for the single-mode TPP guiding: 
0.5π < Vtpp(w, d) < 1.5π [3]. It is then reasonable to take as a compromise the waveguide 
parameter value Vtpp = π for the design of single-mode waveguides supporting a well-confined 
fundamental TPP mode. As in the previous case, we modeled two different trench waveguides 
characterized by the same waveguide parameter Vtpp = π (Fig. 4). 

 
Fig. 4. (a, b). The TPP mode field magnitude distributions and (c) their lateral mid-plane cross 
sections shown by a dotted line in (a) for two waveguide configurations having the same 
waveguide parameter Vtpp = π. 
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It is seen that the correspondence of the calculated TPP field magnitude distributions is 
rather good, albeit not as perfect as in the case of gap waveguides [cf. Figs. 4(c) and 3(c)]. We 
relate this fact to the circumstance that the correspondence between the EIM (approximate) 
simulations and accurate numerical modeling (e.g., when using the FEM) is generally worse 
for channel waveguides [12]. Thus, for the considered configurations, the mode effective 
indexes calculated with the FEM, NFEM(λ = 775 nm) ≅ 1.097 + 0.0050i and NFEM(λ = 1550 
nm) ≅ 1.035 + 0.0022i, are found to be quite different from those obtained with the EIM, 
NEIM(λ = 775 nm) ≅ 1.056 + 0.0037i and NEIM(λ = 1550 nm) ≅ 1.022 + 0.0018i. It should be 
noted that the FEM modeling of the first trench waveguide (at λ = 775 nm) revealed the 
existence of an additional mode associated with the coupling of two wedge SPP modes that 
cannot be described within the EIM framework. The latter mode is very close to the cutoff (its 
effective index is larger than that of the corresponding SPP by only ~ 7·10-4) and therefore 
only weakly confined to the trench, extending in the lateral direction along the metal surface 
(away from each side of the trench) over several microns. We believe that, in practice, the 
existence of such a mode, whose characteristics are most strongly influenced by the curvature 
of wedges, can be disregarded. 

5. V-groove waveguides 

The SPP modes supported by metal grooves, in particular V-grooves [Fig. 1(c)], are 
conventionally called channel SPPs (CPPs) [7]. Careful analysis of CPP waveguides requires 
elaborate numerical modelling [7, 8, 12, 19], but the design guidelines can be worked out 
using the EIM [3, 9]. Within the framework of the EIM, one can find the CPP modes 
supported by a V-groove through analyzing a one-dimensional layered (in depth) guiding 
structure, in which a top layer of air and a bottom layer of metal abut a stack of layers having 
refractive indexes determined by the layer depth: the refractive index is equal to the G-SPP 
effective index for a gap width corresponding to the groove width at this depth [9]. The 
normalized CPP waveguide parameter can be obtained by integrating the index contrast over 
the groove depth, a straightforward procedure when using the moderate gap approximation 
[Eq. (3)] that results in the following expression:  
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It is seen that, since ( ) dw /5.02/tan =θ  (w being the groove width at the top of the groove), 
the CPP waveguide parameter is exactly twice that of TPP [Eq. (6)]: Vcpp = 2Vtpp. The latter 
relation is somewhat surprising as the cross section of a CPP waveguide is twice smaller than 
that of the TPP waveguide having the same width and depth [cf. Figs. 1(b) and 1(c)]. 
However, the G-SPP effective index increases with the decrease in the gap width and, thereby, 
narrower channels (trench and V-grooves) represent stronger waveguides (i.e., with larger 
waveguide parameters), as is also transparent from Eqs. (6) and (7), which accounts for the 
relation above. Note that the above relation for the CPP waveguide parameter [Eq. (7)] 
involves additional approximations as compared to Eq. (6). Thus, when using the EIM for 
CPP waveguides, it is implicitly assumed that the CPP electric field is polarized parallel to the 
sample surface, an approximation that can be justified only for narrow (θ << 1) grooves [12]. 
Furthermore, when obtaining Eq. (7), the moderate gap approximation was applied for the gap 
widths varying all the way from 0 to the (maximum) groove width at the top of the groove.  

Within the EIM framework, the CPP mode fields decrease to (nearly) zero at the groove 
bottom similarly to the TPP modes [3], and the single-mode CPP guiding should be, in 
principle, governed by the same condition as for the TPP guiding: 0.5π < Vcpp(w, d) < 1.5π. 
On the other hand, it has been noticed that the EIM overestimates the guiding capability of V-
groove waveguides [12]. In the course of this work, we have also found that, contrary to the 
EIM simulations, the FEM modeling could not locate bound modes for the V-groove 
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waveguides characterized with a normalized waveguide parameter of π . On the other hand, 
the behavior of V-groove waveguides might still follow the scaling described by the 
waveguide parameter [Eq. (7)]. In order to asses this scaling, we modeled two different 
waveguides characterized with Vcpp(w, d) = 1.34π, a value which is still smaller than the cutoff 
value (1.5π) for the second mode (within the EIM framework). The two simulated CPP field 
magnitude distributions (of the fundamental modes) are shown in Fig. 5. 

 
Fig. 5. (a, b). The CPP mode field magnitude distributions and (c) their lateral mid-plane cross 
sections shown by a dotted line in (a) for two waveguide configurations having the same 
waveguide parameter Vcpp = 1.34π. 

 
It is seen that, even though the correspondence between the calculated CPP field 

magnitude distributions is worse than that found for the TPP distributions [cf. Figs. 5(c) and 
4(c)], the CPP confinement to the groove region is rather similar for both configurations, with 
the major part of the CPP field being concentrated within the groove (i.e., for 0 ≤ x ≤ d). The 
observed differences in the CPP distributions should be related to the aforementioned 
approximations introduced when applying the EIM and moderate gap approximation [Eq. (3)] 
for obtaining the CPP waveguide parameter. Influence of the EIM approximation is also 
reflected in the differences between the effective mode indexes calculated with the FEM, 
NFEM(λ = 775 nm) ≅ 1.086 + 0.0074i and NFEM(λ = 1550 nm) ≅ 1.012 + 0.0015i, and those 
with the EIM, NEIM(λ = 775 nm) ≅ 1.118 + 0.010i and NEIM(λ = 1550 nm) ≅ 1.022 + 0.0023i. 
It is in fact surprising that, despite all the approximations, the very simple formula obtained 
[Eq. (7)] reflects accurately enough the relations between the V-groove parameters that should 
be maintained in order to keep the same degree of CPP mode confinement. Finally, it is worth 
mentioning that the scaling established [Eqs. (5) – (7)] includes also the material dispersion, 
which is especially important for metals, resulting in the requirement of progressively wider 
(gap) or deeper (trench and V-groove) waveguides for longer wavelengths. Consequently, 
these waveguide configurations cannot be realized in the limit of ideal metals (when λ → ∞), 
even though the G-SPP guiding does persist existing in this limit. 

6. Conclusion 

In summary, using the EIM along with an explicit expression for the G-SPP propagation 
constant obtained for moderate gap widths, we have obtained simple relations describing the 
normalized waveguide parameter for gap, trench and V-groove waveguides that characterizes 
the mode field confinement. Usage of the obtained relations was investigated with FEM 
simulations, demonstrating that waveguides with different dimensions and operating at 
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different wavelengths but having the same normalized parameter exhibit very similar field 
confinement. In the case of the gap waveguides, this confinement determines the lateral mode 
width, whereas for the TPP and CPP waveguides that are far from cutoff (which can be judged 
with the help of the corresponding waveguide parameters) the lateral mode width is simply set 
by the groove width w at the groove top. Note that it is the lateral mode width that governs 
both the bend loss and crosstalk between the neighbor waveguides, determining thereby the 
maximum density of waveguide components [3]. It should also be borne in mind that, as the 
TPP or CPP modes approach the cutoff and the mode fields become progressively larger at the 
groove edges, one should expect the occurrence of mode coupling to wedge SPP modes 
leading to their hybridization [12] that cannot be described with the EIM. These (sub-critical) 
waveguides are therefore outside the validity domain for the introduced waveguide parameter. 
However, the obtained expressions for the normalized waveguide parameter can still be used 
as practical guidelines to design G-SPP based gap, trench and V-groove waveguides for 
operation within a given wavelength range, so as to ensure the single-mode operation with a 
well-confined fundamental mode being far away from the cutoff. The latter is very important 
not only for minimizing the lateral mode width but also for avoiding additional loss, since, in 
practice, any structural irregularities would result in coupling of waveguide modes (especially 
those close to the cutoff) to plane SPPs propagating away from the waveguide and thereby 
result in additional propagation loss. 
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A method for theoretical analysis of light scattering by arbitrary shaped two-dimensional scatterers placed
near a planar surface between two media is presented. We show that light scattering by an object near a planar
interface can be analyzed �exactly� using Green’s function surface integral equations that are form invariant
with those for a scatterer in free space. All effects of the planar interface structure are built into the Green’s
function. An approach for calculating the Green’s function is presented along with far-field approximations that
enable efficient evaluation of scattering into waves propagating out of the surface plane and, in the case of a
planar metal-dielectric interface, evaluation of scattering into surface plasmon-polariton �SPP� waves propa-
gating along the interface. Finally, the method is exemplified by analysis of light scattering by a nm-thin and
sub-�m-wide gold strip �resonator� placed between 5 and 200 nm above a planar gold surface. We compare the
amount of scattering going into the out-of-plane propagating waves and SPPs, respectively, and, for our
configuration, scattering into out-of-plane propagating waves dominates. Scattering into SPP waves has a
maximum if the strip is placed approximately 20 nm from the surface. We also find that when placing the gold
strip more than 50 nm from the interface, the scattering resonance wavelength is practically independent of the
distance, whereas changing the distance from 50 to 5 nm results in a �400 nm redshift of the resonance
wavelength.

DOI: 10.1103/PhysRevB.77.245310 PACS number�s�: 73.20.Mf, 71.36.�c, 02.30.Rz, 02.60.Cb

I. INTRODUCTION

The Green’s function surface integral equation method
�GFSIEM� is well established for electromagnetic scattering
problems in the microwave regime �see Ref. 1�, and, more
recently in the optical regime, the method has been applied
to, e.g., analysis of diffractive optical elements,2–4 reso-
nances in dielectric microcavities,5 scattering from layered
spheres,6 and metal nanostrip resonators.7,8 The method has
also been applied within quantum mechanics to calculate
wave functions and eigenenergies, scattering cross sections,
and spectral density functions of electrons of arbitrarily
shaped nanostructures.9 Essentially the method relates the
field at any position inside a closed domain to the field and
its normal derivative at the domain boundary via Green’s
function integral equations, and different domains are related
via field boundary conditions. For scattering from objects in
open infinite domains, the GFSIEM involves only integrals
over the boundary of the scatterers and the radiating bound-
ary condition is satisfied by an appropriate choice of the
Green’s function, which makes this approach computation-
ally very efficient for small scatterers such as nanostructures.

The standard formulation of the GFSIEM is generally not
well suited for scattering problems where a nanostructure is
placed close to a planar surface, with the case of a perfect
conducting surface as an exception.1 This is because the GF-
SIEM will involve also boundary integrals over the planar
surface, which is usually considered infinitely long. One ap-
proach to work around this problem in a diffractive-optics
scattering problem has been to simply truncate this surface
integral and ignore the part of the integral related to positions
at a larger distance than some threshold from a surface
nanostructure.3 While this approximation might work for sur-
face microstructures of very small height or depth, this ap-

proach is, in general, not practical nor satisfying from a the-
oretical point of view. In particular, for the case of a
nanostructure close to a metal surface, scattering of light can
involve the excitation of surface-plasmon polaritons �SPPs�10

propagating hundreds of wavelengths along the surface and
at least similar distances would have to be included in the
surface integral when using the GFSIEM. As an exception,
when, instead of a scattering problem, the GFSIEM is ap-
plied to find, e.g., plasmon polariton modes bound to and
propagating along a triangular indentation in a metal surface,
the assumption of negligible guided mode field at some
limited distance from the indentation is an excellent
approximation.11

In this paper we present a version of the GFSIEM that is
well suited for theoretical analysis of scatterers close to a
planar interface. Our primary motivation for this work is to
extend previous modeling of metal nanostrip resonators in a
homogeneous medium7,8 to the case of such resonators
placed close to a surface. Essentially, by construction of an
appropriate Green’s function, we eliminate the integral over
the planar surface and, similar to the case of a scatterer in
free space, it becomes sufficient to consider only integrals
over the boundary of the scatterer itself, whereas all effects
of the planar surface are accounted for by the Green’s func-
tion. Related examples of Green’s functions and their appli-
cations can be found in Refs. 12–23. In the case of a perfect
conducting surface, such a version of the GFSIEM was ar-
rived at by noticing that the field and Green’s function were
zero at the surface for s polarization, and the normal deriva-
tives of the field and Green’s function were zero at the sur-
face for p polarization, resulting in no contribution from the
surface integral.1 In the general case considered here, where
any refractive index for the material below the surface is
allowed, the argument, which we present in the paper, is
more complicated.

PHYSICAL REVIEW B 77, 245310 �2008�

1098-0121/2008/77�24�/245310�12� ©2008 The American Physical Society245310-1



In order to be able to investigate the amount of light scat-
tered separately into out-of-plane propagating and SPP
waves, we define scattering cross sections, and introduce
analytical far-field approximations for the Green’s function
containing the part of the Green’s function related to out-of-
plane propagating and SPP waves, respectively. Especially
the latter part of the Green’s function is obtained in the Ap-
pendix via an eigenmode-expansion technique.

The GFSIEM will then finally be exemplified for a gold
nanostrip resonator placed close to a gold surface; in which
case, we will investigate and compare how much light is
scattered into SPP and out-of-plane propagating waves de-
pending on the distance of the resonator to the gold surface,
and how the presence of the gold surface influences the reso-
nance wavelength.

The paper is organized as follows. Section II contains a
presentation of the GFSIEM generalized to the case of scat-
terers placed close to an interface, including also a construc-
tion of the required Green’s function and a discussion of the
proof of the method. Far-field approximations of the Green’s
function and scattering cross-section definitions are pre-
sented in Sec. III where we separately consider out-of-plane
propagating waves �Sec. III A� and excitation of SPPs in the
case of a metal-dielectric interface �Sec. III B�. The method
is exemplified in Sec. IV for a gold nanostrip resonator
placed close to a gold surface. Section V presents the con-
clusion. Lastly, the part of the Green’s function that governs
excitation of SPPs is derived in the Appendix.

II. METHOD

The situation that we consider is scattering of a mono-
chromatic plane wave �angular frequency �0� by an arbitrary
shaped two-dimensional scatterer �2 �Fig. 1�. The problem is
reduced to a two-dimensional problem in the xy plane as the
structure and fields are considered invariant under translation
along the z axis. The incident wave is propagating in the xy
plane. Both s and p polarizations of the incident field can be
considered. For s polarization, the scalar surface integral
equations are formulated by means of the electric field
�E�r ,�0�=E�r ,�0�ẑ� and the magnetic field is afterward
found using H�r ,�0�= i / ��0�0�� �E�r ,�0�. For p polariza-
tion, they are formulated by means of the magnetic field
�H�r ,�0�=H�r ,�0�ẑ� and the electric field is afterward
found using E�r ,�0�=−i / ��0�0���0��� �H�r ,�0�. When
analyzing metal nanostrip resonators, the case where the in-
cident field is p polarized is the interesting one because plas-
mons are p polarized. In the following, we therefore consider
the case of p polarization.

We begin by introducing the scalar wave equation of the
magnetic field H�r ,�0�

�−
���r,�0� · �

��r,�0�
+ �2 + k0

2��r,�0��H�r,�0� = 0, �1�

where ��r ,�0� is the space and frequency dependent com-
plex relative dielectric constant, k0=�0 /c is the free space
wave number, and c is the speed of light in vacuum. Outside
�2 the solution H�r ,�0� to Eq. �1� that we search for is in
the form of H�r ,�0�=H0�r ,�0�+Hs�r ,�0�, where H0�r ,�0�

is a solution to the wave equation of the reference structure
�described by the relative dielectric constant �ref�r ,�0�� with
�2 removed,

�−
��ref�r,�0� · �

�ref�r,�0�
+ �2 + k0

2�ref�r,�0��H0�r,�0� = 0,

�2�

and Hs�r ,�0� is the scattered field moving away from �2.
We define two scalar Green’s functions; g1�r ,r� ,�0� of the
reference structure and g2�r ,r� ,�0�, which is used inside �2.
g1�r ,r� ,�0� and g2�r ,r� ,�0� must satisfy

�−
��ref�r,�0� · �

�ref�r,�0�
+ �2 + k0

2�ref�r,�0��g1�r,r�,�0�

= − ��r,r�� , �3�

��2 + k0
2�2��0��g2�r,r�,�0� = − ��r,r�� . �4�

A. GFSIEM for scatterers close to an interface

The problem with the usual GFSIEM �Ref. 1� is that,
when the reference structure consists of two half planes �Fig.
1�, the boundary curve that we must integrate over is infi-
nitely long. To circumvent this problem, we have developed
a generalized version of the GFSIEM where the boundary
between �1 and �3 is handled by constructing the Green’s
function and the incident field such that the boundary condi-
tions of the electromagnetic field are satisfied for the
reference structure. As we will prove using this special

x

y

Ω1

Ω2
ε2(ω0)

ε1(ω0)

ε3(ω0)

C2

C 1

n2

n1

Hi <
<

CB1

CB3

C 3

n3

<

n1

<

Ω3

n3

<

n1

<

8
8

z

FIG. 1. A scatterer �2 in a reference structure of two half planes
�1 and �3. The incident field Hi is a monochromatic p-polarized
wave propagating in the xy plane. The dielectric constants of the
two half planes and the scatterer are �1��0�, �3��0�, and �2��0�,
respectively. The boundary curve C2 surrounds the scatterer �2,
CB1 is a boundary curve along the interface between the two half
planes at y=0+, CB3 is along the interface in the lower half plane at
y=0−, and the curves C�1 and C�3 are semicircles with infinite radii
in the upper and the lower half planes, respectively.
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constructed Green’s function and this special constructed incident field of the reference structure, the usual surface integral
equations are still valid and it is sufficient to integrate only over C2 �Fig. 1�,

H�r,�0� = �H0�r,�0� + 	
C2

�H�s�,�0�n̂� · ��g1�r,s�,�0� − g1�r,s�,�0�n̂� · ��H1�s�,�0��dl� for r � �2

− 	
C2

�H�s�,�0�n̂� · ��g2�r,s�,�0� − g2�r,s�,�0�
�2��0�
�1��0�

n̂� · ��H1�s�,�0��dl� for r � �2

 �5�

where s� is a point on the boundary of �2, n̂= n̂2=−n̂1 is the
outward normal of �2, and the boundary condition
n̂� ·��H2�s� ,�0�=�2��0� /�1��0�n̂� ·��H1�s� ,�0� has been
used, where H1 and H2 refer to the magnetic field approach-
ing the boundary from mediums �1 and �2, respectively.

In the absence of the surface ��3=�1�, the Green’s func-
tions g1,2�r ,s� ,�0� are given by the zero-order Hankel func-
tion of second kind g1,2�r ,s� ,�0�=H0

�2��k0
��1,2��0��r

−s��� / �4i�. However, for a reference structure consisting of
two half planes �Fig. 1�, the Green’s function used outside
�2, g1�r ,r� ,�0�, must be constructed such that the boundary
condition of the electromagnetic field across the interface is
fulfilled. The Green’s function g1�r ,s� ,�0� must be the solu-
tion to Eq. �3� that describes a field that propagates away
from the source point. If it is assumed that the source point is
in the upper half plane y�	0, the Green’s function of the
reference structure may be written as

g1�r,r�,�0� = g+
d�r,r�,�0� + g+

i �r,r�,�0� for y, y� 	 0,

�6a�

g1�r,r�,�0� = g+
t �r,r�,�0� for y� 	 0, y 
 0, �6b�

where g+
d�r ,r� ,�0� is the direct propagation from r� to r that

can be evaluated analytically by means of the zero-order
Hankel function of second kind, g+

i �r ,r� ,�0� is the indirect
propagation that includes a reflection at the boundary, and
g+

t �r ,r� ,�0� is the transmitted propagation. The propagators
of the indirect and transmitted propagations cannot be evalu-
ated analytically and must therefore be constructed by means
of Sommerfeld integrals. This is accomplished by writing the
propagators as expansions in the in-plane wave number kx,

g+
d�r,r�,�0� =

− i

2�



kx=0

� 1

ky1

cos�kx�x − x���e−iky1
�y−y��dkx

for y,y� 	 0, �7a�

g+
i �r,r�,�0� =

− i

2�



kx=0

� 1

ky1

cos�kx�x

− x���rp�kx�e−iky1
�y+y��dkx

for y,y� 	 0, �7b�

g+
t �r,r�,�0� =

− i

2�



kx=0

� 1

ky1

cos�kx�x

− x���tp�kx�e−i�ky1
y�−ky3

y�dkx

for y� 	 0 and y 
 0, �7c�

where kx
2+ky1,3

2 =�1,3��0�k0
2, Im�ky1,3

��0, and rp�kx� and
tp�kx� are the Fresnel reflection and transmission coefficients
for p-polarized light, which fulfill the boundary conditions of
the electromagnetic field at the interface. From Eqs. �6a�,
�6b�, and �7a�–�7c�, it can be seen that if the observation
point is above the boundary, a reflection term is added in
order to construct the total propagator for each kx, and if the
observation point is below the boundary, a transmission term
is constructed for each kx. If the source point is below the
boundary �y�
0�, the Green’s function is given as

g1�r,r�,�0� = g−
t �r,r�,�0� for y 	 0, y� 
 0, �8a�

g1�r,r�,�0� = g−
d�r,r�,�0� + g−

i �r,r�,�0� for y, y� 
 0,

�8b�

where

g−
d�r,r�,�0� =

− i

2�



kx=0

� 1

ky3

cos�kx�x − x���e−iky3
�y−y��dkx

for y,y� 
 0, �9a�

g−
i �r,r�,�0� =

− i

2�



kx=0

� 1

ky3

cos�kx�x

− x���rp2�kx�eiky3
�y+y��dkx

for y,y� 
 0, �9b�

g−
t �r,r�,�0� =

− i

2�



kx=0

� 1

ky3

cos�kx�x

− x���tp2�kx�ei�ky3
y�−ky1

y�dkx

for y� 
 0 and y 	 0. �9c�

Here rp2�kx� and tp2�kx� are Fresnel reflection and transmis-
sion coefficients for light incident from the other side of the
interface.

The field of the reference structure without the scatterer
present, H0�r ,�0�, must also be constructed such that the
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boundary condition of the incident field is satisfied. If it is
assumed that the incident field Hi�r ,�0� is a monochromatic
p-polarized plane wave and that �2 is illuminated from the
upper half plane �Fig. 1�, then H0�r ,�0� may be written as

H0�r,�0� = e−ikxx�eiky1y + rp�kx�e−iky1y� for y 	 0,

�10�

H0�r,�0� = e−ikxxtp�kx�eiky3y for y 
 0. �11�

1. Proof of the generalized GFSIEM

In this section it is proved that Eq. �5� can �using the
Green’s function specified in Eqs. �6a�, �6b�, and �7a�–�7c�,
and the H0�r ,�0� specified in Eqs. �10� and �11�� be used to
analyze scatterers close to a planar interface. The idea is to
prove that the integral along the infinite boundary between
�1 and �3 vanish. This is proven in the two cases where the
observation point is either in the upper or the lower half
plane; r��1 and r��3, respectively.

a. r��1. Starting from Fig. 1, we set up a curve integral
expression of the magnetic field as

H�r,�0� = H0�r,�0� + 	
C2

�g1�r,s�,�0�n̂1� · ��H�s�,�0�

− H�s�,�0�n̂1� · ��g1�r,s�,�0��dl�

+ 

CB1

�g1�r,s�,�0�n̂1� · ��Hs�s�,�0�

− Hs�s�,�0�n̂1� · ��g1�r,s�,�0��dl� for r � �1

�12�

where we have used that the surface integral expression in-
volving Hs�s� ,�0� along C�1 vanishes because the scattered
field and g1�r ,s� ,�0� satisfy the radiating boundary condi-
tion, and that the integral involving H0�s� ,�0� along C�1

+CB1 gives H0�r ,�0�.
Now we must prove that the last integral along CB1 is

zero. A closed-loop curve integral along C�3+CB3 �Fig. 1�
with the observation point r��1 for the scattered part of the
field may be written as



CB3

�g1�r,s�,�0�n̂3� · ��Hs�s�,�0�

− Hs�s�,�0�n̂3� · ��g1�r,s�,�0��dl� = 0 for r � �1,

�13�

where it has been used that the scattered field and
g1�r ,s� ,�0� satisfy the radiating boundary condition such
that there is no contribution to the integral along the semi-
circle with infinite radius, boundary curve C�3. Eq. �13� re-
veals that the integral along the interface at y=0− is zero.
From Eqs. �6a�, �6b�, �7a�–�7c�, �8a�, �8b�, and �9a�–�9c�, it is
given that

g1�x,y ;x�,y� = 0+;�0� =
�3��0�
�1��0�

g1�x,y ;x�,y� = 0−;�0� ,

�14a�

�

�y�
g1�x,y ;x�,y� = 0+;�0� =

�

�y�
g1�x,y ;x�,y� = 0−;�0� ,

�14b�

which, together with the boundary conditions of both the
magnetic field and the normal derivative of the magnetic
field, show that the integrand of the curve integral along CB1

�Eq. �12�� is, with an opposite sign, identical to the integrand
of the curve integral along CB3, where the primed coordinate
has been moved across the boundary from y=0+ to y=0−.
Thus the integral along the boundary curve CB1 is propor-
tional to the integral along CB3, meaning that the integral
along CB1 also vanishes. Eq. �12�, therefore, becomes form
invariant with the usual surface integral equation for r��1

�cf. Eq. �5��.
b. r��3. A curve integral expression of the magnetic

field, where the integral is taken along the closed boundary
curve CB3+C�3 �cf. Fig. 1�, may be written as

H�r,�0� = H0�r,�0� + 

CB1

�g1�r,s�,�0�n̂3� · ��Hs�s�,�0�

− Hs�s�,�0�n̂3� · ��g1�r,s�,�0��dl� for r � �3

�15�

where the integral along CB3 has been replaced by an integral
along CB1, similar to the integration shift above. A closed-
loop curve integral expression for the scattered part of the
field along the boundary of �1 �C�1+CB1+C2� is zero if the
observation point r��3; thus, we may write

	
C2

�g1�r,s�,�0�n̂1� · ��Hs�s�,�0�

− Hs�s�,�0�n̂1� · ��g1�r,s�,�0��dl�

= 

CB1

�g1�r,s�,�0�n̂3� · ��Hs�s�,�0�

− Hs�s�,�0�n̂3� · ��g1�r,s�,�0��dl� for r � �3.

�16�

From Eq. �16� it can be seen that the curve integral along CB1

in Eq. �15� can be replaced with a curve integral along C2.
Eq. �15� can therefore be rewritten as

H�r,�0� = H0�r,�0� + 	
C2

�H�s�,�0�n̂2� · ��g1�r,s�,�0�

− g1�r,s�,�0�n̂2� · ��H�s�,�0��dl� for r � �3,

�17�

where we have used
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C2

�g1�r,s�,�0�n̂1� · ��H0�s�,�0�

− H0�s�,�0�n̂1� · ��g1�r,s�,�0��dl� = 0 for r � �3,

�18�

and H�r ,�0�=H0�r ,�0�+Hs�r ,�0�.
Equation �17� reveals that the surface integral equation of

the magnetic field for r��3, also �as Eq. �12� for r��1� is
form invariant with the usual surface integral equation used
outside the scatterer in the case of a homogenous reference
space �cf. Eq. �5��. This completes the proof of the general-
ized GFSIEM.

2. Self-consistent equations

In order to achieve self-consistent equations, we take the
limit r→s of Eq. �5�, where s is a point on C2,

1

2
H�s,�0� = H0�s,�0� + PV	

C2

�H�s�,�0�

� n̂� · ��g1�s,s�,�0� − g1�s,s�,�0�

� n̂� · ��H1�s�,�0��dl�,

1

2
H�s,�0� = − PV	

C2

�H�s�,�0�n̂� · ��g2�s,s�,�0�

− g2�s,s�,�0�
�2

�1
n̂� · ��H1�s�,�0��dl,� �19�

where the integrals have been rewritten as Cauchy principal
values in order to handle the singularities of
n̂ ·�g1,2�s ,s� ,�0�. The singularities of g1,2�s ,s� ,�0� are
handled in the implementation of the method. At the singu-
larity s=s� the terms in the integrals involving
n̂ ·�g1,2�s ,s� ,�0� give a contribution of 
H�s ,�0� /2, where
the 
 depends on from which side the boundary curve is
approached. Eq. �19� can be discretized and solved numeri-
cally, which yields the field and the normal derivative of the
field on the surface of the scatterer. Using these, the field
elsewhere can be found using Eq. �5�.

Similar equations can be obtained for the s-polarization
case by replacing the magnetic field with the electric field, by
replacing the Fresnel reflection and transmission coefficients
for p polarization with those for s polarization, and by using
different boundary conditions when the self-consistent inte-
gral equations are constructed.

III. FAR-FIELD APPROXIMATIONS OF THE GREEN’S
FUNCTION AND SCATTERING CROSS SECTIONS

In this section two different far-field approximations of
the Green’s function g1�r ,r� ,�0� for a reference structure
consisting of two half planes are presented and evaluated
numerically, and related scattering cross sections are defined.

A. Out-of-plane scattering cross section

In order to evaluate the out-of-plane scattering, meaning
the light scattered out of the surface plane �Fig. 2�, an out-

of-plane scattering cross section �ops��0� is defined as the
time averaged flux of the Poynting vector of the scattered
field through a semicircle with infinite radius in the upper
half plane �C�1, cf. Fig. 2� divided by the time averaged
Poynting vector of the incident field. As the electric and
magnetic fields of the scattered field are proportional, per-
pendicular, and can locally be regarded as plane waves in the
far field, the out-of-plane scattering cross section can be ex-
pressed as

�ops��0� =



C�1

�Hs
f f�r,�0��2dl

�Hi�r,�0��2
, �20�

where Hi�r ,�0� is the incident monochromatic plane wave
�Fig. 1� and Hs

f f�r ,�0� is the resulting scattered far field,
which can be evaluated as

Hs
f f�r,�0� = 	

c2

�H�s�,�0�n̂� · ��g1
f f�r,s�,�0�

− g1
f f�r,s�,�0�n̂� · ��H�s�,�0��dl�, �21�

where g1
f f�r ,r� ,�0� is the far-field approximation of

g1�r ,r� ,�0� for y ,y�	0, given as

g1
f f�r,r�,�0� =

− i

4
� 2

�k0
��1��0�r

ei�/4e−ik0��1��0�r

� �eik0��1��0��cos���x�+sin���y�� + rp���

� eik0��1��0��cos���x�−sin���y��� , �22�

where � is the positive angle measured from the x axis,
which defines the direction of r=r�x̂ cos �+ ŷ sin ��. In the
far field, the wave vector of the scattered field is parallel with
r. This is used in the calculation of rp���.

B. Surface-plasmon polariton scattering cross section

If the lower half plane is a metal, light can be scattered
into SPPs propagating along the metal surface. In order to
evaluate how strongly light is scattered into SPPs, a SPP
scattering cross section �SPP��0� is introduced as

x

y
Ω2

ε2(ω0)

ε1(ω0)
ε3(ω0)

z

C 18

FIG. 2. The out-of-plane scattering cross section is evaluated by
integrating the time averaged flux of the Poynting vector of the
scattered field through the boundary curve C�1.
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�SPP��0� = 

C

Re�Es
SPP�r,�0� � Hs

SPP��r,�0�� · n̂dl

�
1

Re�Ei�r,�0� � Hi
��r,�0�� · k/k

, �23�

where the integral is over the two curves CSPP1 and CSPP2
�Fig. 3�, the asterisk � means complex conjugated,
Es

SPP�r ,�0� and Hs
SPP�r ,�0� are the field components of the

scattered field that are related to SPPs, Ei�r ,�0� and
Hi�r ,�0� are the field components of the incident wave, n̂ is
the normal vector to the curves CSPP1 and CSPP2 that points
away from �2, and k is the wave vector of the incident field
with magnitude k. In order to calculate the scattered field that
is related to SPPs propagating along the interface, the SPP
contribution to the Green’s function must be derived. The
SPP Green’s function is related to the SPP eigenmodes and
can �cf. Appendix� in the far-field approximation be written
as

gSPP
f f �r,r�,�0� = − i

�1��0��3��0�
�1��0� + �3��0�

�
1

� �1��0�
�−�3��0�� ��1��0� − �3��0��

� e−kSPP��1��0�/�−�3��0���y+y��e−ikSPP�x−x��,

�24�

for y ,y�	0 and

gSPP
f f �r,r�,�0� = − i

�1��0��3��0�
�1��0� + �3��0�

�
1

� �1��0�
�−�3��0�� ��1��0� − �3��0��

� e−kSPP���1��0�/�−�3��0��y�−��−�3��0��/�1��0�y�

� e−ikSPP�x−x��, �25�

for y
0 and y�	0, where kSPP is the SPP wave number
given as

kSPP = k0� �1��0��3��0�
�1��0� + �3��0�

. �26�

The SPP scattered far field can, using an expression similar
to Eq. �21� where g1

f f�r ,r� ,�0� has been replaced with
gSPP

f f �r ,r� ,�0�, be written as

Hs
SPP�r,�0� = Hs

SPP�x,0�e−kSPP� �1��0�
�−�3��0�� y for y 	 0,

Hs
SPP�r,�0� = Hs

SPP�x,0�ekSPP��−�3��0��
�1��0� y for y 
 0,

�27�

where Hs
SPP�x ,0� is given as

Hs
SPP�x,0� = ASPP��0�e
ikSPPx, �28�

where + is used for x
x�, − is used for x	x�, and ASPP��0�
is given as

ASPP��0� =
− i�1��0��3��0�

��1��0� + �3��0��� �1��0�
�−�3��0�� ��1��0� − �3��0��

� 	
C2

�H�s�,�0��
iksppn̂x�

− kSPP� �1��0�
�− �3��0��

n̂y��
− n̂� · ��H�s�,�0��e−kSPP� �1��0�

�−�3��0�� y�e
ikSPPx�dl�

�29�

where + is used for x	x� and − is used for x
x�. Given
Hs

SPP�r ,�0�, �SPP�x1 ,x2 ,�0� can readily be found as

�SPP�x1,x2,�0� =
�1��0�

k�Hi�r,�0��2
��Hs,x1
x�

SPP �x1,0��2

+ �Hs,x2	x�
SPP �x2,0��2�

1

2� Re�kSPP/�1��0��

Re�kSPP� �1��0�
�−�3��0�� �

+
Re�kSPP/�3��0��

Re�kSPP��−�3��0��
�1��0� �� , �30�

where the integration along y is from −� to �, and x1 and x2
are the position of CSPP1 and CSPP2 on the x axis �cf. Fig. 3�.

C. Testing the far-field approximation
of the Green’s function

In order to evaluate the far-field approximation of the
Green’s function �Eq. �22��, the exact Green’s function and
the far-field approximation of the Green’s function are cal-
culated for a fixed source point r�= �5 nm�ŷ and for obser-
vation points along semicircles in the upper half plane with
different radii �Figs. 4 and 5�. At a wavelength of 500 nm,
we consider an air-silver interface with �3=−9.75748
−0.31241i 24 and �1=1. Three different radii are used, 1, 10,
and 100 �m. All curves on the figures are scaled with �r,
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y =y = 8
8 8

8
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n
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n

<

FIG. 3. The SPP scattering cross section is calculated by inte-
grating the SPP contribution of the time averaged flux of the Poyn-
ting vector of the scattered field through the boundary curves CSPP1

and CSPP2.
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which means that the far-field approximation for all three
radii becomes identical. The figures show that the difference
between the far-field approximation and the exact Green’s
function decreases when r increases. The figures also show
that for r=1 �m and r=10 �m, the deviations are large for
angles close to 0° and 180°. This is partly because the far-
field approximation of the Green’s function does not contain
a SPP contribution, which is contained in the exact Green’s
function �cf. Appendix�. For r=100 �m, the SPP contribu-
tion to the Green’s function will extinguish due to the losses
in the metal. The propagation length of a SPP at �
=500 nm for an air-silver interface is approximately
20.6 �m. However, it must also be noted that for r
=100 �m, a 100 times smaller angle is needed to get as
close to the surface as for r=1 �m.

D. Testing the SPP approximation of the Green’s function

The far-field approximation of the SPP contribution to the
Green’s function for y ,y�	0 �Eq. �24�� is also investigated.

As above, at a wavelength of 500 nm, we consider an air-
silver interface with �3=−9.75748–0.31241i. The far-field
approximation of the SPP contribution to the Green’s func-
tion can be written as gSPP

f f �x ,y ,x� ,y� ,�0�=A�y ,y��
�exp�−ikSPP�x−x���. Fig. 6 �Fig. 7� depicts the real �imagi-
nary� part of the exact Green’s function g1�r ,r� ,�0� normal-
ized with exp�−ikSPP�x−x��� as a function of x for a fixed
source point �r�=5�nm�ŷ� and for three different values of y.
Also depicted in Fig. 6 �Fig. 7� is the real �imaginary� part of
the front factor A�y ,y� ,�0�. The fact that both the real and
the imaginary parts of the exact Green’s function for x,
which is approximately larger than 20 �m, are fluctuating
about the real and the imaginary parts of A�y ,y� ,�0�, respec-
tively, show that the far-field approximation to the SPP con-
tribution in some cases also works as an approximation to
the exact Green’s function.

IV. EXAMPLE OF A GOLD NANOSTRIP RESONATOR
CLOSE TO A GOLD SURFACE

The out-of-plane and the SPP scattering cross sections �cf.
Eqs. �20� and �30�� of a gold nanostrip resonator close to a
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are scaled with �r. The configuration analyzed is an air-silver inter-
face at �=500 nm.
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planar gold surface are calculated as a function of the wave-
length for different distances between the resonator and the
surface �Figs. 8 and 9�. The relative dielectric constant of
gold used in the calculations is interpolated from Ref. 25.

We consider a rectangular gold nanostrip resonator with
t=10 nm and w=80 nm, where the corners have been
rounded 2 nm �insets of Figs. 8 and 9�. Both the out-of-plane
and the SPP scattering cross sections are normalized with w,
and are calculated for an incident p-polarized plane wave
propagating at a −90° angle with respect to the x axis. By
comparing the out-of-plane �Fig. 8� scattering cross section
with the SPP �Fig. 9� scattering cross section, it can be seen
that the resonance wavelength of the out-of-plane and SPP
scatterings are, within a few nanometers, identical. By in-
creasing �h, it is seen that the scattering resonance wave-
length is blueshifted. This is expected since the mode index
of a gap plasmon decreases with �h in a related resonator
configuration.8 Going from �h=20 nm to 100 nm, it is seen
that the out-of-plane scattering is enhanced, whereas the
scattering into SPPs are reduced. For distances below 50 nm
the resonance wavelength is a strong function of �h and,

e.g., by changing �h from 5 to 50 nm, the resonance wave-
length is blueshifted more than 400 nm. For distances above
50 nm, no significant resonance shift is observed. This is
similar to what has been observed in Refs. 26–30.

V. CONCLUSION

In conclusion, we presented an approach for analyzing
light scattering of a scatterer close to a planar surface. A
version of the GFSIEM, where all effects of the planar sur-
face are built into the Green’s function of the reference struc-
ture, was derived. By using a special Green’s function, we
showed that scatterers placed above a planar surface can be
analyzed using surface integral equations that are form in-
variant with those for the case of a scatterer in free space. We
also presented analytical far-field approximations of the
Green’s function that enabled calculation of out-of-plane
scattering and, in the case of a metal-dielectric interface,
scattering of light into SPPs bound to and propagating along
the interface. Both the out-of-plane and the SPP far-field ap-
proximations of the Green’s function were tested against the
exact Green’s function, and it was justified that both approxi-
mations were applicable. Lastly, the method was utilized to
analyze light scattering from a rectangular nanostrip gold
resonator placed within close proximity of a planar gold sur-
face. Both the out-of-plane and the SPP scattering cross sec-
tions were calculated over a wide range of wavelengths. For
distances between the scatterer and the surface below 50 nm,
we showed that, for the configuration studied, the resonance
wavelength is a strong function of the distance. The scatter-
ing resonance wavelength is redshifted more than 400 nm
when the distance is changed from 50 to 5 nm. This property
enables one to tune the resonance wavelength of such a scat-
tering system, meaning that a given configuration can be
tuned to match, e.g., a laser frequency or a given transition in
a molecule. The latter renders applications within sensing.
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APPENDIX: ANALYTICAL STUDY OF THE GREEN’S
FUNCTION OF A METAL-DIELECTRIC INTERFACE

IN TWO DIMENSIONS

In this Appendix, the Green’s function of a two-
dimensional �r=xx̂+yŷ� reference structure is studied ana-
lytically for p polarization. The configuration studied is a
dielectric medium for y	0 and a metal for y
0. We present
a formulation of the Green’s function for y ,y�	0, where the
Green’s function is constructed from a summation over
eigenfunctions. Two types of eigenfunctions must be consid-
ered; p-polarized plane waves being reflected at the surface
and the SPP eigenmodes propagating along the metal-
dielectric interface. Furthermore, the far-field approximation
of the SPP contribution to the total Green’s function is de-
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�cf. Fig. 3�.
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rived. A detailed description of a similar method for con-
structing Green’s tensors through an eigenmode expansion
can be found in Ref. 31. For the three dimensional case a
similar investigation of the Green’s tensor has been made in
Ref. 32.

We start the derivation with the wave equation of the
magnetic field for a metal-dielectric interface, which can be
written as

�H�r,�0� = 0, �A1�

and the Green’s function, which is a solution to

�g�r,r��0� = − ��r − r�� , �A2�

where the operator � is given as

� = −
���r,�0� · �

��r,�0�
+ �2 + k0

2��r,�0� . �A3�

It is, however, convenient to introduce a related Green’s
function Gg�r ,r� ,�0� defined by

�gGg�r,r�,�0� = − ��r − r�� , �A4�

where

�g = −
���r,�0� · �

��r,�0�2 +
�2

��r,�0�
+ k0

2. �A5�

The Green’s function that we seek is then given by
Gg�r ,r� ,�0�=g�r ,r� ,�0���r� ,�0�. In general for a complex
��r ,�0�, �g is non-Hermitian. However, for passive dielec-
tric media, ��r ,�0� is real and �g is Hermitian. If we assume
that �g is Hermitian and that �gi�r�� form a complete or-
thogonal set of eigenfunctions to �g with corresponding ei-
genvalues ��i�, the Green’s function can be constructed as

Gg�r,r�,�0� = − �
i

gi�r,�0��gi�r�,�0���

N�i
, �A6�

where the symbol �i must be interpreted as �i�+�di, where
�i� is a genuine summation of the eigenfunctions belonging
to the discrete part of the spectrum of �g, and �di is an
integral over the continuous part of the spectrum.33 The con-
stant N is calculated from normalization of the eigenfunc-
tions as

N�ij =
 �gi�r,�0���gj�r,�0�d2r , �A7�

and the eigenfunctions gi�r ,�0� are solutions to the eigen-
value equation

�ggi�r,�0� = �igi�r,�0� . �A8�

1. Contribution from p-polarized plane waves

For y	0, the eigenfunctions of the p-polarized plane
waves may be written as

gkx,ky1
�r,�0� = e−ikxx�eiky1y + rp�kx�e−iky1y� , �A9�

which, using Eq. �A8�, yields the eigenvalues

�kx,ky1
= k0

2 −
1

�1
�kx

2 + ky1
2 � . �A10�

The normalization factor is found using Eq. �A7�,

N��kx − kx����ky1 − ky1� �

= 

x=−�

� 

y=0

�

�gkx,ky1
�r,�0���gkx�,ky�

�r,�0�dydx

= �2��2��kx − kx����ky − ky�� , �A11�

where it has been used that rp�rp��=1, because all dielectric
constants are assumed to be real. From Eq. �A11� it is seen
that N=4�2. Using Eqs. �A6� and �A9�–�A11�, the contribu-
tion to Gg�r ,r� ,�0� from the summation over the p-polarized
plane waves can, for y ,y�	0, be written as

Gg
P�r,r�,�0� =

− �1��0�
4�2 


−�

�

e−ikx�x−x��

� 

−�

� e−iky1�y−y�� + rp�kx�e−iky1�y+y��

�1��0�k0
2 − kx

2 − ky1
2 − i0+ dky1dkx,

�A12�

where the −i0+ term in the denominator effectively adds a
homogenous solution to Eq. �A4� and leads to the retarded
Green’s function, describing waves propagating away from
the point r�, and it has been used that �rp�−ky1���=rp and
rp�rp��=1. The integration over ky1 can be handled using the
residue theorem where the poles in 1 / ��1��0�k0

2−kx
2−ky1

2

− i0+� and rp must be considered. In order to find the residues
at the poles in 1 / ��1��0�k0

2−kx
2−ky1

2 − i0+�, Eq. �A12� is re-
written as

Gg
P�r,r�,�0� =

− �1��0�
4�2 


−�

�

e−ikx�x−x��

−�

�

f�ky1�dky1dkx,

�A13�

where

f�ky1� =
− e−iky1�y−y�� − rp�kx�e−iky1�y+y��

�ky1 − ��1��0�k0
2 − kx

2 − i0+�

�
1

�ky1 + ��1��0�k0
2 − kx

2 − i0+�
. �A14�

From Eq. �A14� it can be seen that the pole of the first
fraction is in the lower half plane and that the pole of the
second fraction is in the upper half plane �due to our sign
convention �−a=−i�a, where a is a real positive number�.
Using the residue theorem to handle the ky1 integration, con-
sidering only the poles of 1 / ��1��0�k0

2−kx
2−ky1

2 �, yields
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Gg
P1�r,r�,�0� =

− �1��0�i
4�



−�

�

e−ikx�x−x��

�� 1

ky1
e−iky1�y−y�� +

rp�kx�
ky1

e−iky1�y+y���dkx,

�A15�

where now ky1
2 +kx

2=�1��0�k0
2, Im�ky1��0. In order to pre-

vent the exponential from exploding, the integral of the term
involving e−iky1�y−y�� must be taken counterclockwise around
a simple closed part in the upper half plane for y
y�, and
for y	y�, it must be taken clockwise in the lower half plane.
This explains why the absolute value is introduced in the
result. For the term involving e−iky1�y+y��, the contour integral
is always taken clockwise in the lower half plane.

In order to calculate the total contribution to the Green’s
function from the p-polarized eigenfunctions, the contribu-
tion from the residue at the pole in rp�kx� must also be cal-
culated. Thus the pole ky1

pole=−�1��0�ky3 /�3��0� in rp�kx�
must be considered. Here it is important to remember that ky3
is a function of ky1. The relation between ky1 and ky3 can be
written as

ky3
2 = kx

2��3��0�
�1���

− 1� +
�3��0�
�1���

ky1
2 . �A16�

Using Eq. �A16�, the pole can be rewritten as ky1
pole

=−i��1��0� / �−�3��0���kx�. The denominator of rp�kx� di-
vided by �3��0� can, using Eq. �A16�, be written as

ky1 − i
�1��0�

�3��0�
�− �3��0�

�1��0�
ky1

2 + kx
2�− �3��0�

�1��0�
+ 1� .

�A17�

If Eq. �A17� around the simple pole ky1
pole

=−i��1��0� / �−�3��0���kx� is written as a Taylor series, rp�kx�
can be expressed as

rp�kx� �
ky1 −

�1��0�
�3��0�ky3

�ky1 + i� �1��0�
−�3��0� �kx���1 −

�1��0�
�3��0� �

. �A18�

Using the residue theorem and Eq. �A18�, the contribution to
Gg

P�r ,r� ,�0� from the pole in rp�kx�, Gg
P2�r ,r� ,�0�, is calcu-

lated as

Gg
P2�r,r�,�0� =

�1��0��3��0�
���1��0� + �3��0��

� 

kx=−�

� �kx�e−ikx�x−x��e−�kx�� �1��0�
−�3��0� �y+y��

�kSPP
2 − kx

2 − i0+�� �1��0�
�−�3��0��

�
1

� −�3��0�
�1��0� + 1�

dkx, �A19�

where kSPP=k0
��1��0��3��0� / ��1��0�+�3��0��.

The total contribution to the Green’s function for the
p-polarized plane wave eigenfunctions is given as

Gg
P�r,r�,�0� = Gg

P1�r,r�,�0� + Gg
P2�r,r�,�0� . �A20�

2. Contribution from surface-plasmon polaritons

For y	0, the SPP eigenfunction of the metal-dielectric
interface may be written as

gkx
�r,�0� = e−ikxxe−�kx�� �1��0�

�−�3��0�� y , �A21�

and for y
0,

gkx
�r,�0� = e−ikxxe�kx���−�3��0��

�1��0� y , �A22�

which, using Eq. �A8�, yields the eigenvalues

�kx
= k0

2 − kx
2�1��0� + �3��0�

�1��0��3��0�
. �A23�

The normalization factor is found using Eq. �A7� as

N��kx − kx�� = 

x=−�

� 

y=−�

�

�gkx
�r,�0���gkx�

�r,�0�dxdy

= ��kx − kx��2��

y=0

�

e−2�kx���1��0�/��3��0��ydy

+ 

y=−�

0

e2�kx���−�3��0��/�1��0�ydy� , �A24�

which yields

N =
�

�kx�
� �1��0�

�− �3��0���1 −
�3��0�
�1��0�� . �A25�

For y ,y�	0, the contribution to the total Green’s function
Gg�r ,r� ,�0� from the SPP eigenfunctions Gg

SPP�r ,r� ,�0�
can, using Eq. �A6�, be written as

Gg
SPP�r,r�,�0� = −

�1��0��3��0�
���1��0� + �3��0��

� 

kx=−�

� �kx�e−ikx�x−x��e−�kx�� �1��0�
−�3��0� �y+y��

�kSPP
2 − kx

2 − i0+�� �1��0�
�−�3��0��

�
1

� −�3��0�
�1��0� + 1�

dkx, �A26�

where kSPP=k0
��1��0��3��0� / ��1��0�+�3��0�� and i0+ has

been subtracted in the denominator in order to get the re-
tarded Green’s function. By comparing Eq. �A26� to Eq.
�A19�, it is seen that the SPP contribution to the total Green’s
function is, with an opposite sign, identical to the contribu-
tion related to the pole in rp�kx�, Gg

P2�r ,r� ,�0�. This means
that the two terms cancel each other in the total Green’s
function Gg�r ,r� ,�0�.

3. Total Green’s function

The total Green’s function Gg�r ,r� ,�0� for y ,y�	0 is the
sum of Eqs. �A20� and �A26�, thus,
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Gg�r,r��0� = Gg
P�r,r��0� + Gg

SPP�r,r��0�

= Gg
P1�r,r��0�

=
− �1��0�i

2�



0

� 1

ky1
cos�kx�x − x���

��e−iky1�y−y�� + rp�kx�e−iky1�y+y���dkx,

�A27�

where the integral over kx from −� to �, has been rewritten
as an integral from zero to �.

The Green’s function that we seek can now be determined
using Gg�r ,r ,�0�=g�r ,r ,�0��1��0�, yielding

g�r,r��0� =
− i

2�



0

� 1

ky1
cos�kx�x − x���

��e−iky1�y−y�� + rp�kx�e−iky1�y+y���dkx,

�A28�

which, by comparison with Eqs. �6a�, �7a�, and �7b�, is iden-
tical to the Green’s function used for y ,y�	0 outside �2. If
the lower medium is a dielectric, Eq. �A28� is still a valid
Green’s function because then there is no pole in rp�kx� and
GSPP�r ,r� ,�0� does not exist.

4. Far-field approximation of the SPP contribution
to the Green’s function

Using that lim y→0 for 1 / �x
 iy�= PV�1 /x�� i���x�,
where PV is defined as Cauchy principal value,
Gg

SPP�r ,r��0� in Eq. �A26� can be rewritten as

Gg
SPP�r,r��0� = −

�1��0��3��0�
�1��0� + �3��0�

��PV

kx=−�

� �kx�e−ikx�x−x��e−�kx�� �1��0�
−�3��0� �y+y��

��kSPP
2 − kx

2�� �1��0�
�−�3��0��

�
1

� −�3��0�
�1��0� + 1�

dkx +
i

� �1��0�
�−�3��0�� � −�3��0�

�1��0� + 1�
�e−kSPP��1��0�/�−�3��0���y+y��

�cos�kSPP�x − x���� . �A29�

The far-field approximation must be on the form

Gg,SPP
f f �r,r��0� = Ae−ikSPP�x−x�� � e−kSPP��1��0�/�−�3��0���y+y��.

�A30�

From Eq. �A29�, we identify the constant A as

A =
− i�1��0��3��0�

��1��0� + �3��0���� �1��0�
�−�3��0�� � −�3��0�

�1��0� + 1��
. �A31�

The far-field approximation of the Green’s function that we
seek is given from gSPP

f f �r ,r� ,�0�=Gg,SPP
f f �r ,r� ,�0� /�1��0�,

which yields

gSPP
f f �r,r�,�0� = − i

�1��0��3��0�
�1��0� + �3��0�

�
1

� �1��0�
�−�3��0�� ��1��0� − �3��0��

� e−kSPP��1��0�/�−�3��0���y+y��e−ikSPP�x−x��,

�A32�

for y ,y�	0. For y
0 and y�	0, both eigenfunctions on the
form of Eqs. �A21� and �A22� must be used to construct the
Green’s function. This results in the far-field approximation

gSPP
f f �r,r�,�0� = − i

�1��0��3��0�
�1��0� + �3��0�

�
1

� �1��0�
�−�3��0�� ��1��0� − �3��0��

� e−kSPP���1��0�/�−�3��0��y�−��−�3��0��/�1��0�y�

� e−ikSPP�x−x��. �A33�

These two far-field approximations of the SPP contribution
to the total Green’s function are used in the evaluation of the
SPP scattering cross section in Sec. IV.
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Using the Green’s tensor area integral equation method and reflection spectroscopy, resonant light scattering
from rectangular gold nanostrips on quartz substrates fabricated with electron-beam lithography is analyzed
theoretically and demonstrated experimentally. Theory and experiments are compared and found in a good
agreement. Design curves presenting the scattering resonance wavelength as a function of the nanostrip width
allow one, by carefully choosing the strip width and thickness, to realize the resonance at a given wavelength
in a broad wavelength spectrum ranging from the visible ��600 nm� to the near infrared including telecom-
munication wavelengths ��1600 nm�. © 2008 Optical Society of America

OCIS codes: 290.0290, 290.5850, 300.6550.

1. INTRODUCTION
Resonant excitation of plasmon polaritons (PPs) in differ-
ent metallic nanostructures has recently been a subject of
intense research and is widely utilized to enhance electro-
magnetic near and scattered fields. The possibility of
customizing the PP resonance wavelength by carefully
optimizing geometrical parameters makes metallic nano-
structures interesting in sensing and spectroscopical ap-
plications [1]. Metal nanowires of finite length [2–5], also
suggested as optical antennas [6,7], gaps between adja-
cent metal nanostrips [8–10], and gaps between metal
nanostrips and surfaces [11,12] are just a few recent ex-
amples of metallic nanostructures, where attention has
been given to their resonant optical properties.

We have previously, in theoretical papers, shown that
resonant light scattering from metal nanostrips [13–15]
(and gap-resonators [16–19]) can physically be under-
stood if the strip is thought of as a Fabry–Perot resonator
for the slow surface plasmon polariton (SPP) mode. As an
effect of constructive interference between forward and
backward propagating slow SPPs, standing wave reso-
nances that enhance not only local but also scattered
fields, are built up. In this paper, we analyze resonant
light scattering from gold nanostrips of different widths
and thicknesses, which are fabricated on quartz sub-
strates using electron-beam lithography. We present the-
oretical investigations utilizing the Green’s tensor area
integral equation method, comparing the calculated scat-
tering spectra with those obtained experimentally in the
course of carefully conducted reflection spectroscopy mea-
surements. Previously, similar investigations have been
carried out for the (simpler) case of metal nanostrips

placed in a homogeneous environment [20]. This paper is
organized as follows. In Section 2 the sample fabrication,
theoretical modeling, and experimental arrangement are
described. Section 3 presents the results, including a com-
parison between the calculated and experimentally ob-
tained scattering spectra. Section 4 terminates the paper
with our conclusions.

2. METHOD
The samples were fabricated using electron-beam lithog-
raphy. Several samples with 100 �m�100 �m arrays of
5 �m long, w wide (w from 100 to 500 nm at 50 nm incre-
ments), and t thick (t=17 and t=23 nm) gold nanostrips
on quartz substrates were fabricated. To reduce cross talk
between the strips, they are positioned such that there is
a separation of 1 �m along and 10 �m across the strips
and arrays are separated by at least 500 �m. The
samples are the same as in [20] except for not being cov-
ered with index-matching oil.

A schematic of the structure analyzed with the area in-
tegral equation method is presented in Fig. 1. A rectangu-
lar gold nanostrip of width w and thickness t is placed di-
rectly onto a quartz substrate and above the quartz it is
surrounded by air. As the fabricated nanostrips are very
long (in the z direction) compared to their widths and
thicknesses, the mode index of the slow SPP, responsible
for the resonant buildup, is only slightly affected by the
confinement in the length direction, and all calculations
can therefore safely be reduced to two dimensions, where
structure and fields are considered invariant under trans-
lation along the z axis. The optical properties of the gold
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nanostrip are described by a frequency dependent com-
plex dielectric constant �Au, which is linearly interpolated
from the table presented in [21]. The dielectric constants
used for quartz and air are �2=1.4522 and �1=1, respec-
tively. The structure is illuminated by a p polarized plane
wave �H0ẑ� propagating in the xy plane antiparallel with
the y axis, and the out-of-plane scattering cross section is
calculated by integrating the time averaged flux of the
Poynting vector of the scattered field through a semicircle
of infinite radius in the upper half plane. We have
checked, that except for a scaling factor the scattering
cross section obtained by integrating along the entire
semicircle is similar to scattering cross sections obtained
when considering only the limit angular range of which
the experimental setup can collect light. A presentation of
the method including also scatterers in a stratified refer-
ence medium can be found in [22]. As an alternative, the
generalized Green’s function surface integral equation
method [23] could also be used if further developed to
handle strips placed directly onto the quartz substrate.
Calculations with the strip placed within a few nanom-
eters of the quartz substrate give very similar out-of-
plane scattering cross sections.

The experiments presented in this paper are similar to
those presented in [20]. Light scattering from the fabri-
cated nanostrips are investigated using reflection spec-
troscopy, where the samples are illuminated by p polar-
ized light propagating antiparallel to the y axis. The light
source is a halogen bulb, which delivers sufficient radia-
tion up to �850 nm. After each measurement of a spec-
trum from gold strips R, a reference spectrum Rquartz,
away from the strips, is also recorded. As the experimen-
tal setup and the experiments are described in detail in
[20] they will not be further elaborated here. However, it
is important to notice that the nanostrips investigated in
this paper are not covered with an index-matching oil
that matches the refractive index of the quartz substrate.

3. RESULTS
It has recently been clarified that resonant light scatter-
ing from metal strips in homogeneous surroundings can
be ascribed to standing wave resonances, built up from
constructive interference between counterpropagating
slow SPPs that are strongly bound to the metal strips
[13,14]. If the strip width is increased in increments of
� / �2nslow� (� being the wavelength and nslow being the
mode index of the slow SPP mode) higher order reso-
nances appear at approximately the same wavelength.
This interpretation is also valid for gold nanostrips on

quartz substrates. If the width of the nanostrip is in-
creased by � / �2nslow� (e.g., �w�207 nm and �w
�204 nm for gold thicknesses 17 and 23 nm in an air-
gold-quartz sandwich, respectively) a one order higher
resonance at approximately the same wavelength appears
[Fig. 2].

To illustrate that it is possible to obtain resonant light
scattering from the fabricated gold nanostrips on quartz
in a large wavelength spectrum, scattering cross section
spectra for 17 nm thick gold strips of different widths w
(from 100 to 500 nm in increments of 50 nm) are pre-
sented for wavelengths ranging from 550 nm to the near
infrared including also telecommunication wavelengths
(up to 1600 nm) [Fig. 3]. The scattering resonances re-
vealed are of first and third order. Second order reso-
nances, or in general even order resonances, are sup-
pressed in calculations where the angle of incidence is
−90°, because of symmetry mismatch between the reso-
nant field and the incident field. A gold strip with a width
of, e.g., 100 nm has a first order resonance at a wave-
length of approximately 645 nm, and as the width of the
strip is increased the resonance is significantly red-
shifted, and, e.g., a strip of width 500 nm has a first order
resonance at approximately 1520 nm. In the considered
wavelength spectrum all strips present a first order reso-
nance and all strips with widths larger than 250 nm also
present a third order resonance. From the investigations,
it is clear that it is possible to obtain resonant light scat-
tering from the fabricated nanostrips in a broad wave-
length spectrum.

By mapping the resonance wavelengths versus the
width (or thickness) of the nanostrips, design curves use-
ful for designing optical resonators that support reso-
nances at specific wavelengths can be obtained [Fig. 4].
Two strip thicknesses (t=17 and t=23 nm, those of the
fabricated samples) are considered both for gold strips on
quartz substrates and in homogeneous quartz surround-
ings. As the strips, for normal incidence, support both
first and third order scattering resonances, we get two

Fig. 1. (Color online) Rectangular gold nanostrip on top of a
quartz surface surrounded by air is illuminated by a p polarized
plane wave H0ẑ propagating in the xy plane antiparallel with the
y axis.

Fig. 2. (Color online) Normalized out-of-plane scattering cross
section calculated for configurations designed to have first and
second order scattering resonances at approximately the same
wavelength. The two thicknesses of the fabricated samples (17
and 23 nm) are considered. The gold nanostrips on quartz (see
inset) are illuminated by a p polarized plane wave at an angle of
−45° relative to the x axis.
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curves for each configuration. For all four configurations,
the first order resonance follows a close to linear relation-
ship with the strip width. This is similar to what has been
found for strip and gap PP based resonators in homoge-
neous surroundings [15,17]. When designing optical reso-
nators, it is obvious that the smallest resonators are ob-
tained when the first order resonances are utilized. Note
that the slope of the curves gets steeper for thinner strips,
meaning that thinner strips have longer resonance wave-
lengths for a given strip width and resonance order. The
curves for the strips embedded in homogeneous surround-
ings of quartz are steeper than the curves for strips on
quartz substrates. This can easily be explained as the
mode index of the slow SPP mode in a quartz-gold-quartz
configuration is larger than the mode index of the mode in
an air-gold-quartz configuration.

The results of the theoretical analysis are validated by
comparing with reflection spectroscopy measurements,
which also present an experimental demonstration of

resonant light scattering from gold nanostrips on quartz
[Figs. 5 and 6]. To minimize effects from fluctuations in
the radiation spectrum from the halogen bulb in the ex-
periments the experimental results are presented as
�R-Rquartz� /Rquartz, where R is the spectrum measured
from the strips and Rquartz is the reference spectrum
taken after each measurement. For normal incidence, and
in the available wavelength spectrum of the experiments,
the fabricated nanostrips exhibit both first and third or-
der scattering resonances. The comparison is presented
for two different strip thicknesses (t=17 and t=23 nm,
Figs. 5 and 6, respectively) and several strip widths (from
w=100 to w=500 nm in increments of 50 nm) (with the
exception of t=17 and w=250 nm, where a large piece of
gold in the array disturbs the experiment.) In both Figs. 5
and 6 the lower subplot presents the experiment and the
upper subplot presents the corresponding theoretical out-
of-plane scattering cross section. For both thicknesses
and all widths all scattering resonances predicted by the
theory are also observed in the experiments. A tendency of
a small redshift ��20 nm� of the scattering peaks and a
decrease for wavelengths above 750 nm of the experi-
ments are the only obstacles hindering an almost perfect
match between the theoretical predictions and the experi-
mental results. However, it should be noted that our the-
oretical analysis captures accurately all the main features
observed in the experiments.

4. CONCLUSION
In conclusion, we have both theoretically and experimen-
tally demonstrated resonant light scattering from
samples of rectangular gold nanostrips on quartz sub-
strates. The theoretical analysis of the samples was per-
formed utilizing the Green’s tensor area integral equation
method, and the measurements were conducted using re-

Fig. 3. (Color online) Normalized out-of-plane scattering cross
section for 17 nm thick gold nanostrips of different widths w on
quartz. The angle of incidence is −90° relative to the x axis, and
the incident field is p polarized.

Fig. 4. (Color online) Design curves mapping first and third or-
der resonance wavelengths versus the strip width. Two thick-
nesses (t=17 and t=23 nm) are considered. The curves marked
with squares (t�17 nm) and circles (t�25 nm) are for gold strips
or quartz substrates, and the curves marked with x (t�17 nm)
and triangles (t�23 nm) are for gold strips embedded in a homo-
geneous medium of quartz. The angle of incidence is −90° rela-
tive to the x axis.

Fig. 5. (Color online) Calculated and measured out-of-plane
scattering cross sections for 17 nm thick gold nanostrips of dif-
ferent widths w on quartz.
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flection spectroscopy. In a wavelength interval ranging
from 550 to 825 nm we have shown good agreement be-
tween theoretical predictions and experiments. Several
first and third order scattering resonances observed in
the experiments were all predicted by our theoretical in-
vestigations, and only a small wavelength-shift of
�20 nm is hindering an almost perfect match between
the theory and experiments. Design curves mapping out
the resonance wavelengths have been calculated, and
these show how it is possible, by carefully optimizing the
width and the thickness of the gold strips, to place scat-
tering resonances in a broad wavelength spectrum rang-
ing from the mid visible to the near infrared including
also telecommunication wavelengths.
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Gap plasmon-polariton �GPP� nanoresonators based on a metal nanostrip separated with a small gap from a
metal surface or metal block are considered. Scattering resonances and field enhancements are studied for
two-dimensional structures using the Green’s-function surface integral equation method �GFSIEM�. For small
gaps, we show that the scattering resonances occur due to the constructive interference of counterpropagating
GPPs, forming standing waves. By varying the gap size we find that the resonance wavelength can be tuned
over a wide range of wavelengths, which makes the resonators interesting for spectroscopic and sensing
applications, and observe the transition between GPP-based resonators �for narrow gaps� and slow surface
plasmon-polariton �SPP� strip resonators �for wide gaps�. Considering the resonant field distributions, we find
that, for an insulator thickness of 10 nm, the maximum field enhancement �with respect to the incident field�
can reach values close to 50 along the line passing through the gap center. For the case of a strip placed close
to a metal surface, two scattering channels, viz., the out-of-plane scattering and the scattering into SPPs
�propagating along the surface� are evaluated separately using a generalized version of the GFSIEM. We find
that, even though the out-of-plane scattering is in general dominating in the considered range of parameters,
scattering into SPPs can be very efficient for smaller gaps featuring a cross section that at resonance even
exceeds the strip width. The considered properties of GPP nanoresonators, i.e., resonant scattering and local-
field enhancements along with efficient scattering into SPPs, hold promises for their useful applications within
plasmonic sensing devices.

DOI: 10.1103/PhysRevB.79.035401 PACS number�s�: 78.67.�n, 71.36.�c, 73.20.Mf, 02.70.Pt

I. INTRODUCTION

Metallic nanorods, nanowires, and nanostrips have re-
cently attracted a great deal of attention in the design of
optical resonators and optical antennas1–23 because they
show strong resonant enhancement in light scattering or ex-
tinction and also because of the possibility of strong electro-
magnetic field-enhancement effects in the near-field region
of the structures. Especially gaps between adjacent metal
nanostructures allow for very high fields and localization of
light way beyond the diffraction limit.2,16–18,22,23 These prop-
erties make metallic nanostructures interesting for sensing
and spectroscopic purposes.24

Composite metal nanostructures support super plasmon-
polariton �PP� modes, which in some cases can become more
localized and more strongly bound than regular surface plas-
mon polaritons �SPPs�.25,26 An example of such a highly lo-
calized PP mode is the gap plasmon-polariton �GPP� mode
between two metal surfaces. In this paper, we are particularly
interested in what happens when a metal strip is placed close
to a metal surface. In such a configuration a GPP mode can
be formed in the gap, and similar to resonances of metal
strips and slow SPP strip modes,14,15,20 scattering resonances
of the strip-surface configuration can be related to the GPP
mode. We analyze two different configurations: one where
the metal surface is of finite width �a metal block� and one
where the width of the metal surface is infinite, configura-
tions �a� and �b�, respectively �Fig. 1�. Coherent presentation

of these configurations, showing also the link to �individual�
nanostrip resonators,14,15 is one of the goals of this paper.
Another goal is to consider the usage of configuration �b�,
where light can be scattered both out of the surface plane and
into SPPs that propagate along the surface, for launching of
SPPs. The directional �left and right� SPP excitation is evalu-
ated using the generalized version of the Green’s-function
surface integral equation method �GFSIEM� we presented in
Ref. 27.

In the latter context, it should be noted that scattering into
SPPs is a subject of great interest in plasmonics, and many
different configurations have been considered for local SPP
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FIG. 1. The two GPP resonators analyzed. �a� A plane wave
propagating in the xy plane is scattered by a lossy metal strip of
thickness t and width w placed at a distance d from a lossy metal
surface of width w. The metals are surrounded by �, a lossless
dielectric medium. �b� The situation is the same as in �a� except for
the width of the surface, which is infinite.
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excitation, e.g., SPP launching through an array of
nanoholes,28 through a subwavelength slit supplemented
with a periodic set of grooves29 or by a surface protrusion
defect in the form of a particle or a single ridge,30 as well as
by a periodic set of those.31 The efficiency of SPP excitation
for some configurations has been evaluated both experimen-
tally and numerically.31,32 A very recent study of SPP excita-
tion by a single subwavelength hole in a gold film32 revealed
an efficiency of up to 28%. Note though that this is the value
normalized with respect to the power incident onto the hole
area, implying that the corresponding scattering �into SPPs�
cross section is smaller than one-third of the hole area.

This paper is organized as follows. In Sec. II, the resona-
tor structures and the theoretical method used in the numeri-
cal analysis are presented. Section III presents the results. We
start with a brief discussion of the GPP mode. Hereafter we
present the numerical analysis of the two GPP-based nan-
oresonator configurations �Sec. III A and Sec. III B, respec-
tively�. This is followed by the conclusion in Sec. IV.

II. STRUCTURES AND METHOD

A. Structures

The GPP resonators that we investigate consist of lossy
metals � surrounded by lossless dielectrics � �Fig. 1�. The
optical properties of the metals are characterized by a
complex-frequency-dependent dielectric constant ��, and the
dielectric is characterized by a real-frequency-independent
dielectric constant ��. The problem is reduced to two dimen-
sions by considering both the structure and fields invariant
under translation along the z axis, which is out of the paper.
The situation that we analyze is the scattering of a mono-
chromatic p-polarized plane wave propagating in the xy
plane. p polarization is chosen because plasmons are p po-
larized. Two different GPP-based resonator configurations
are analyzed �Fig. 1�.

In configuration �a�, a plane wave is scattered by a metal
strip of thickness t and width w placed at a distance d from a
metal surface of width w. In configuration �b�, the width of
the metal surface is infinite.

B. Method

The numerical analysis of the two configurations �Fig. 1�
is performed using the GFSIEM which is an appropriate and
efficient method for the analysis of two-dimensional scatter-
ing problems in open infinite domains.27,33,34 This is prima-
rily because the GFSIEM only involves integrals over the
boundary of the scatterers as the radiating boundary condi-
tions are satisfied through an appropriate choice of Green’s
function and, secondarily, because the GFSIEM allows for a
good description of the metal surfaces. The latter is impor-
tant since we are particularly interested in SPPs and GPPs,
which have field maxima at the metal surfaces. As we con-
sider p polarization �H�r�=H�r�ẑ� it is convenient to formu-
late the surface integral equations by means of the magnetic
field as this yields scalar equations. The standard scalar sur-
face integral equations for the magnetic field read as33,34

H�r� = H0�r� + �
��

�H�s��n̂� · ��g��r,s��

− g��r,s��n̂� · ��H��s���dl� for r � � , �1a�

H�r� = − �
��
�H�s��n̂� · ��g��r,s��

− g��r,s��
��

��

n̂� · ��H��s���dl� for r � � ,

�1b�

where H0�r� is the incident field, s� is a point on the bound-
ary of �, n̂ is the outward normal of �, �� is the boundary
of �, and the boundary condition n̂� ·��H��s��
=�� /��n̂� ·��H��s�� has been used, where H� and H� refer
to the magnetic field approaching the boundary from me-
dium � and �, respectively, and the Green’s functions
g�,��r ,s�� are given by the zero-order Hankel function of
second kind g�,��r ,s��=H0

�2��k0
���,�	r−s�	� / �4i�, where k0

is the vacuum wave number.
Configuration �b� �Fig. 1�b�� is, however, not suitable for

the standard GFSIEM �Eq. �1�� because the boundary of � is
infinite, and one would have to integrate along this infinite
boundary. In configuration �a� this can very simply be
avoided by assuming that the lower metal has a finite thick-
ness. If the thickness of the lower metal is much larger than
the skin depth of the electromagnetic field, this assumption is
very good. Configuration �b� is, however, much more diffi-
cult to handle because even though a finite thickness of the
metal surface is assumed the boundary is still infinite. In
order to work around this problem, we developed a general-
ized version of the GFSIEM,27 where the integral along the
infinite surface is omitted by the use of an appropriate
Green’s function outside of the metal strip. Using this
method an exact numerical analysis of configuration �b� can
be made without truncations of integrals or assumptions of
finite structures. The tradeoff is that the Green’s function
used outside the metal strip cannot be represented by means
of a simple Hankel function but must be evaluated by means
of more complicated, numerically difficult, and computation-
ally time-consuming Sommerfeld integrals. For further de-
tails we refer to Ref. 27.

III. RESULTS

In all calculations presented, the optical properties of the
dielectric regions � are described using the refractive index
of quartz n�=1.452. The metal chosen is silver as it is known
from previously presented results14,17,23 that strong plasmon
resonances occur in related geometries based on silver. The
dielectric constant of silver is obtained by linear interpola-
tion of the data in Ref. 35. In all calculations sharp corners
have been rounded with a radius of curvature of 2 nm for
numerical reasons.

Our physical interpretation of the scattering resonances of
the configurations ��a� and �b�, Fig. 1� is in the following
section related to the GPP mode supported by a gap sand-

JUNG, SØNDERGAARD, AND BOZHEVOLNYI PHYSICAL REVIEW B 79, 035401 �2009�

035401-2



wiched between a thin metal film and a metal surface �Fig.
2�. It is seen how the GPP mode is characterized by a large
electric field in the gap and how the field decays exponen-
tially away from the structure in the direction transverse to
the propagation direction, which is along the x axis �see inset
of Fig. 2�.

To justify the assumption of a finite thickness of the lower
metal block in configuration �a� we have investigated the
dependence of the mode index of the GPP mode on the thick-
ness of the lower metal block. We find that for thicknesses
larger than 
50 nm the mode index is practically constant.
In all scattering calculations performed on configuration �a� a
thickness of t2=100 nm is used for the lower metal block.

Also, the dependence of the mode index of the GPP mode
versus the gap size has been investigated. Two distinct re-
gimes were observed: for small gaps �below 
50 nm�, the
mode index decreases for an increasing gap size, and for
larger gaps, the mode index becomes constant. Interestingly,
for large gaps �above 
200 nm� the mode index of the GPP
mode converges toward the mode index of the slow SPP strip
mode. This indicates that the GPP mode for wide gaps trans-
forms into a slow SPP strip mode and therefore becomes
decoupled from the lower surface.

A. Configuration (a)

In the analysis of configuration �a�, we start by relating
the scattering resonances to the GPP mode. Even though the
width of the metals is finite, the GPP mode can still propa-
gate along the x axis, and because the GPP is strongly bound
to the gap, it will be efficiently reflected when it reaches the
end of the resonator. Similar to the case of symmetric nanos-
trip configurations,14,17,22 constructive interference between
forward- and backward-propagating GPPs can give rise to

standing-wave resonances at certain wavelengths, which will
show up in the scattering spectrum.

To demonstrate this, we have calculated the scattering
cross section for three different widths, which corresponds to
first, second, and third order resonances at the wavelength
�0=900 nm, respectively �Fig. 3�. The configuration with
w=80 nm has a first-order resonance at �0=900 nm. The
real part of the mode index of the GPP mode supported by
the configuration is nGPP=4.69, which yields �GPP /2
�96 nm. It is known that if the width of the resonator is
increased by half the wavelength of the PP mode responsible
for the resonance, a one-order higher resonance will be po-
sitioned at approximately the same wavelength.14,17,22 Thus a
resonator with w=176 nm should have a second-order reso-
nance around �0=900 nm, and a resonator with w
=272 nm should have a third-order resonance. For the third-
order resonance, the angle of incidence has been changed to
−90°. This has been done in order to better reveal the scat-
tering peak from the spectrum. This angle �−90°� cannot be
used to excite the second-order resonance due to symmetry
mismatch between the incident field and the resonance field.
The field patterns in Fig. 4 clearly illustrate the third, second,
and first-order natures of the GPP resonance for the different
widths. In �a� three minima of the field are seen in the gap, in
�b� two, and in �c� one. The field patterns show how the
mode field, at resonance, is highly localized in the gap. From
�d�–�f� the standing-wave pattern of the field is clearly seen.

With sensing and spectroscopical applications in mind, an
important feature of resonant nanostructures is tunability of
the resonance wavelength. It is known that the resonance
wavelength is a strong function of the gap size in related
configurations.7–10,18 To investigate the tunability of the reso-
nance wavelength, and furthermore to study the transition
from a GPP resonator to a slow SPP strip resonator, we have
calculated the scattering cross section of a monochromatic
plane wave scattered at an angle of −45° �with respect to the
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the magnetic fields of the GPP mode supported by a 10 nm quartz
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x axis� by configuration �a� for varying gap sizes �Fig. 5�. It
is seen that the resonance wavelength is a strong function of
the gap size, and by changing the gap size from 80 to 5 nm,
the resonance wavelength is redshifted more than 400 nm,
from 690 to 1110 nm. The resonance shift is far from linear
with the gap size. For small gaps it is shifted much more than
for larger gaps, e.g., �0 shifts more than 200 nanometers
�from 900 to 1110 nm� when the gap size is reduced by only
5 nm, from 10 to 5 nm, and it shifts only 15 nm �from 690 to
705 nm� when the gap size is reduced by 30 nm, from 80 to
50 nm. This behavior is in good agreement with our inter-
pretation of the resonances as a smaller gap results in a larger
GPP mode index and thus a larger GPP wavelength.

Another expectation from the investigation of the GPP
mode is that when the gap size becomes large, the resonator

no longer resembles a GPP resonator but instead acts as a
slow SPP strip resonator. The second inset in Fig. 5 shows
the scattering cross section versus wavelength for a single
strip resonator �t=10 nm and w=80 nm� surrounded by
quartz. This scattering peak is similar to the scattering peak
of configuration �a� for d=80 nm. The resonance wave-
length of the strip resonator is �0=665 nm, and the reso-
nance wavelength of configuration �a� for d=80 nm is 690
nm. This illustrates that configuration �a� for d=80 nm is
relatively close in resembling a strip resonator. However, it
must be noted that a large increase in gap size is needed to
blueshift the resonance wavelength the last 25 nm as for gap
sizes above 80 nm the resonance wavelength dependence on
the gap size is weak. To further study the transition from a
GPP resonator to a slow SPP strip resonator in configuration
�a�, and to study field-enhancement effects in the gap, we
have calculated the electric-field magnitude in the xy plane
for different gap sizes �Fig. 6�. The electric-field magnitude
for a gap size of d=10 nm �Fig. 4�c�� shows that the field is
highly concentrated in the gap. The field is large, close to the
terminations of the resonator, and has a clear minimum close
to the center of the gap. The reason that the minimum is not
completely in the center of the gap is that the angle of inci-
dence is −45°. From the cross-sectional plot through the cen-
ter of the gap �Fig. 4�f�� a maximum field enhancement, with
respect to the incident field, above 30 is found. A higher
value is possible with the angle of incidence −90°, where a
maximum enhancement of 49 is found for d=10 nm and
w=80 nm. For d=30 nm, at resonance ��0=734 nm�, most
of the characteristics of the GPP mode are still found in the
field pattern �Fig. 6�a��; the mode still has a tendency of
being connected to the lower metal surface through the gap.
However, the largest field is no longer found in the gap but
rather at the terminations of the strip. From the cross-
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FIG. 4. �Color online� Electric-field magnitude in the xy plane
for three different resonator widths: �a� w=272 nm, �b� w
=176 nm, and �c� w=80 nm �t=10 nm, d=10 nm, and t2

=100 nm �see inset of Fig. 3��. Cross-sectional plot of the electric-
field magnitude �parallel to the x axis� through the center of the gap
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=80 nm. All field plots have been calculated at the resonance
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sectional plot through the center of the gap �Fig. 6�d�� the
maximum field enhancement is also considerably lower than
for d=10 nm, approximately 7.5 which is at least four times
smaller. For d=80 nm �Figs. 6�b� and 6�e��, the field mostly
resembles a metal strip resonator �Fig. 6�c��, where the field
is confined to the strip and not in the gap. For d=80 nm, the
maximum field enhancement through the center of the gap is
below 2 �Fig. 6�e��.

B. Configuration (b)

Using the method we presented in Ref. 27, we have cal-
culated the scattering cross sections of the two main scatter-
ing channels of configuration �b�, viz., the out-of-plane scat-
tering �Fig. 7� and scattering into SPPs �Fig. 8�. All the same
tendencies as in the scattering analysis of configuration �a�
�Fig. 5� are seen. When the gap size is decreased the reso-
nance wavelength is redshifted. However, when compared to
configuration �a�, a larger redshift is seen, the resonance
peaks are broader, and also larger values of the peak maxima
are seen. That the resonances of configuration �b� are red-
shifted compared to configuration �a� is in good agreement
with our interpretation of them. Due to the infinite surface,
the terminations of the resonator in configuration �b� are less
sharp than in configuration �a�. This makes the effective
length of the resonator in configuration �b� larger than in
configuration �a�, and the resonances therefore get redshifted.
More rapid coupling of energy out of the resonator, in this
case both into out-of-plane propagating waves �the peak val-
ues in Fig. 7 are higher than in Fig. 5� and SPPs, results in
broadening of the scattering peaks. The SPP scattering cross
section is calculated as an integral of the time averaged flux
of the Poynting vector of the scattered field related to SPPs.
Due to losses in the metal, SPPs are damped as they propa-
gate along the surface, and thus the SPP scattering cross
section is a function of the distance that the SPPs have
propagated as

�SPP�x� = ASPP exp�− 2 Im�kSPP�	x	� , �2�

where ASPP is a constant, kSPP is the SPP wave number, and
	x	 is related to the distance that the SPPs have propagated
along the x axis. In order to compare the amount of light
scattered into SPPs to the out-of-plane propagating waves, x
should be chosen to be small and close to the resonator. In
the results presented �Fig. 8� we have chosen 	x	=1000 nm,
where x=0 is in the center of the strip. When the SPP scat-
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tering is compared to the out-of-plane scattering, it is seen
that the resonance wavelengths are, within a few nanometers,
identical. However, the SPP scattering cross section is
smaller. The SPP scattering cross section increases when the
gap size is reduced and has a maximum around a gap size of
10 nm, with a value close to 1.4. This is about 30% of the
out-of-plane scattering cross section which is close to 5. For
comparison, in a very recent study of SPP excitation by a
single subwavelength hole in a gold film,32 the highest effi-
ciency achieved �normalized with respect to the power inci-
dent onto the hole area� was below 30%, implying that the
normalized scattering �into SPPs� cross section was below
0.3. The close to fivefold increase in the efficiency predicted
for the 10-nm-wide gap structure is related to the occurrence
of strong resonance in the scattering configuration �Fig. 8�
that enhances not only local but also scattered fields.

To demonstrate structure optimization of configuration �b�
with respect to SPP launching, we have calculated a series of
SPP scattering cross sections in which the strip width and
gap are adjusted such that the structures show resonant
launching of SPPs around a free space wavelength of 800 nm
�Fig. 9�. The calculations show how it is possible to achieve
resonant SPP launching at a desired wavelength by carefully
playing with the structural parameters �in Fig. 9 the width of
the strip and the gap size� of configuration �b�. Note that both
first- �e.g., w=80 nm and d=26 nm� and second- �w
=200 nm, d=26 nm, and �GPP /2�120 nm� order reso-
nances can be utilized for resonant launching of SPPs. It
should also be taken into consideration that, in terms of the
absolute efficiency of SPP excitation, the second-order reso-
nance shown in Fig. 9 ensures a 2.5-fold efficiency increase
when compared to the first-order one.

With development of plasmonic devices in mind, a strong
unidirectional coupling into SPPs is often favorable.36 In or-
der to investigate the directionality of the launched SPPs of
configuration �b� under oblique incidence, we have calcu-
lated two SPP scattering cross sections related to SPPs that
propagate in the negative �to the left� and positive �to the
right� x directions �Fig. 10�. It is seen how the SPP scattering
cross section of SPPs that propagate to the left is blueshifted

a few nanometers compared to the scattering cross section of
SPPs that propagate to the right. At resonance, however, the
strength of the two scattering cross sections are almost iden-
tical. Thus, even under oblique incidence �−45° with respect
to the x axis�, SPPs that propagate along the surface are
launched with almost equal strength in both directions. How-
ever, this is expected as scattering into SPPs is related to the
occurrence of the strong resonant buildup of the standing
waves in the gap, and these standing waves are only slightly
asymmetric �see field calculations for configuration �b� pre-
sented in Fig. 11�.

To investigate the transition from GPP resonator to SPP
strip resonator, and to study the field enhancement in the gap,
we have calculated the field for three different gap sizes for
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configuration �b� �Fig. 11�. When compared to the fields of
configuration �a� �Fig. 6�, the fields in the gaps are slightly
increased. The maximum field enhancement in the gap �d
=10 nm� is close to 40 �Fig. 11�d��, and again a higher value
can be obtained for the angle of incidence of −90°. In this
case the maximum value is 48. Also, the modes at resonance
in configuration �b� are wider than in configuration �a�. This
makes the effective resonator width larger, which makes
sense, as argued above. In configuration �b� the field for d

=80 nm is, as in configuration �a�, mostly localized around
the strip and not within the gap. Thus for a gap size of d
=80 nm, the field of configuration �b� also mostly resembles
the field of a strip resonator.

In order to reveal the launched SPPs that propagate along
the silver surface from the near-field plots, a cut along the x
axis at y=5 nm of the electric-field magnitude is presented
together with 	E0�+A exp�−ik0nSPPx�	, where E0� is the inci-
dent field including its reflection from the surface and A is
the amplitude vector of the SPP electric field, determined
using Eqs. �27�–�29� of Ref. 27 �Fig. 12�. As the two curves
are quite similar, it is seen how the characteristics of the
electric-field magnitude are mainly dominated by the inter-
ference between E0� and the SPP that propagates along the
surface. The reason that the two curves deviate slightly is
that the electric-field magnitude also contains propagating
scattered waves.

From the above analysis of configuration �b� it is clear
that the scattering resonances of both resonator configura-
tions ��a� and �b�� have a common origin. The resonances in
the scattering spectra are due to constructive interference of
counterpropagating GPPs that are trapped in the quartz gap
below the strip. For certain wavelengths these form standing-
wave resonances. As the terminations of the resonator in
configuration �b� are weaker than in �a�, the resonances of �b�
are broader and redshifted.

IV. CONCLUSION

In conclusion, we have, using the GFSIEM, theoretically
analyzed two GPP resonator configurations, viz., a metal
strip close to a metal block of finite width �configuration �a��
and a metal strip close to an infinitely wide metal surface
�configuration �b��. We have shown that the scattering reso-
nances of both configurations �a� and �b� have a common
origin and can be related to the GPP mode supported by the
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FIG. 11. �Color online� Electric-field magnitude at resonance in
the xy plane of configuration �b� �t=10 nm, w=80 nm, and three
different gap sizes�. A plane wave is incident at an angle of −45°
with respect to the x axis. �a� d=10 nm and �0=958 nm. �b� d
=30 nm and �0=785 nm. �c� d=80 nm and �0=712 nm. Cross
sectional plots of the field magnitude through the center of the gap
along the x axis. �d� d=10 nm, �e� d=30 nm, and �f� d=80 nm.
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FIG. 12. A cut along the x axis of the magnitude of the electric
field at y=5 nm. The cut is shown at resonance �0=958 nm for the
configuration t=d=10 nm, w=80 nm, and an angle of incidence of
−90°. Also shown is 	E0�+A exp�−ik0nSPPx�	, where E0� is the inci-
dent field including its reflection from the surface and A is the
amplitude vector of the SPP electric field.
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gap between the strip and the block/surface. As the GPP
mode is efficiently reflected at the resonator terminations due
to its strongly bound nature, standing-wave patterns can form
from constructive interference between forward- and
backward-propagating GPPs, which gives rise to the scatter-
ing resonances. As the terminations of the resonator in con-
figuration �b� are less sharp, the scattering resonances are
redshifted and broader than in configuration �a�. We have
shown how the scattering resonance wavelength can be
tuned over a wide range of frequencies from the upper vis-
ible to the near infrared by varying the gap size of the con-
figurations. For wide gaps, we have established a link be-
tween gap and strip resonators, as the two GPP resonator
configurations for wide gaps clearly resemble slow SPP strip
resonators. Also field-enhancement effects in the gap of the
two configurations were analyzed. The largest field enhance-
ment in the gap was found in configuration �b�. For a gap
size of 10 nm a field enhancement close to 40, with respect
to the incident field, was found for a nonoptimized angle of
incidence. For an optimized angle of incidence a value close

to 50 was found in both configurations. Finally, noticing that
in configuration �b� there appears the possibility of exciting
SPPs, we have considered the efficiency of this process. We
were able to evaluate scattering into out-of-plane propagat-
ing waves and into SPPs separately and found that for a gap
size of 10 nm scattering into SPPs is about 30% of the out-
of-plane scattering. The considered properties of the GPP
resonators make them attractive for use within plasmonic
sensing devices.
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Possible superlensing effects in holey metal films are theoretically analyzed using the multiple-scattering
formalism. We show that within the effective-medium limit and at some resonant frequencies, holey perfect
conductor films make perfect endoscopes, i.e., are capable of transforming an image from the input to the
output surface of the film with subwavelength resolution. To corroborate our finding in a realistic structure, a
full numerical calculation including diffraction and losses is presented for a one-dimensional perforated metal
film in the terahertz regime.

DOI: 10.1103/PhysRevB.79.153407 PACS number�s�: 42.30.Wb, 41.20.Jb, 78.20.Ci

The idea of subwavelength imaging using a slab of an
artificially engineered metamaterial �superlensing� was pro-
posed some years ago.1 It was proved that a thin slab of
material with a refractive index of −1 yields a lens with
almost unlimited resolution. The challenge is now to engi-
neer a metamaterial with the desired optical properties. In the
electrostatic limit, near-field superlensing can be obtained
with a thin metal slab.1–3 Examples of metamaterials that
have been recently investigated for subwavelength imaging
are layered metal-dielectric structures,4–9 metallic wire
media,10–13 and electromagnetic �EM� or photonic
crystals.14–17

The key to perfect lensing appearing in a homogeneous
metal slab is the amplification of evanescent waves by means
of resonantly excited surface plasmon polaritons �SPPs�.
More specifically, this phenomenon is linked to the existence
of a flat region in the dispersion relation of SPPs for large
parallel momenta at optical frequencies.1 In this Brief Report
we analyze whether this superlensing effect can be extended
to lower frequencies by taking advantage of the so-called
spoof SPPs.18,19 These surface EM modes emerge when a
perfect conductor film is perforated with a periodic array of
apertures �see Fig. 1� and have similar characteristics to ca-
nonical SPPs. Here we will demonstrate that, contrary to the
aforementioned expectations, superlensing effects do not ap-
pear in holey metal films. Instead, these structures can oper-
ate as perfect endoscopes, i.e., transmit all incident plane
waves �propagating and evanescent� with unit efficiency at
some resonant wavelengths.

Holey metal films have been extensively studied in recent
years mainly in connection with the emergence of the phe-
nomenon of extraordinary optical transmission.20 In our the-
oretical analysis we first assume that all metal regions be-
have as perfect conductors, which is a good approximation in
a wide range of frequencies, from dc up to terahertz frequen-
cies. The effect of the finite absorption present in a real metal
will be checked at a second stage.

An incident plane wave will excite several waveguide
modes �TE and TM� within the holes but, in the very sub-
wavelength regime, the fundamental mode dominates the
transmission process because all higher-order modes are

strongly evanescent. It is therefore a very good approxima-
tion in that limit to consider only the fundamental waveguide
mode.21 We also assume that the two surrounding dielectric
media �1 and 3 in Fig. 1� and the medium within the aper-
tures are the same. Within the single-mode approximation,
the transmission coefficient of a holey metal film associated
with the nth diffraction order can be written as a sum of all
the multiple-scattering events,

t�n� = �12�23
�n� exp�iqzh� + �12�23

�n��2 exp�3iqzh�

+ �12�23
�n��4 exp�5iqzh� + ¯ =

�12�23
�n� exp�iqzh�

1 − �2 exp�2iqzh�
,

�1�

where �12, �23
�n�, and � are the different two-media scattering

coefficients for a single interface and qz is the propagation
constant of the fundamental waveguide mode. �12 is the
transmission amplitude by which an incident plane wave in
medium 1 is transmitted into medium 2, � is the reflection
amplitude of the waveguide mode when it scatters from ei-
ther interface 2-1 or 2-3, and �23

�n� is the transmission ampli-
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FIG. 1. Two examples of holey metal films. �a� One-
dimensional metal film periodically perforated with subwavelength
slits of width a and lattice constant d. �b� Two-dimensional metal
film perforated with a�a square holes in a d�d lattice. The thick-
ness of both films is h and extents along the z axis.
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tude by which the waveguide mode, traveling towards the
interface 2-3, transmits into a plane wave of diffraction order
n that propagates away from the interface in medium 3. To
simplify the notation, index n should be regarded as an index
that comprises both polarizations and diffraction orders. The
different two-media scattering coefficients can be determined
by a proper matching of the parallel components of the EM
field at the interfaces. After matching and substituting into
Eq. �1� we obtain for t�n�,

t�n� =
4YholeY0S�0��S�n� exp�iqzh�

�Yhole + G�2 − �Yhole − G�2exp�2iqzh�
, �2�

where Yhole is the admittance of the waveguide mode within
the holes �Yhole=qz /k0 if the fundamental mode is TE or
Yhole=k0 /qz for a TM mode� and S�n� is the overlap integral
between an nth diffraction order and the fundamental wave-
guide mode. The term G contains a sum over diffracted
modes, G=�n=−�

� Yn�S�n��2, where Yn is the admittance that
relates the electric and the magnetic components of the plane
waves in regions 1 and 3: Yn=k0 /kz

�n� for p polarization and
Yn=kz

�n� /k0 for s polarization, with kz
�n� being the component

of the wave vector along the z axis. The wave number in free
space is k0=� /c, where � is the frequency and c the speed
of light.

In the extreme subwavelength regime ���d�a�, Eq. �2�
can be further simplified if all diffraction effects are ne-
glected. In this way, t� t�0� becomes the only nonzero trans-
mission coefficient,

t =
4YholeY0�S�0��2exp�iqzh�

�Yhole + Y0�S�0��2�2 − �Yhole − Y0�S�0��2�2exp�2iqzh�
.

�3�

Equation �3� is valid for both s and p polarizations, and the
difference in the transmission enters via the admittances and
the overlap integral S�0�. In particular, for a p-polarized inci-
dent field, we obtain

t =
4kzqz	 exp�iqzh�

�qz + 	kz�2 − �	kz − qz�2exp�2iqzh�
, �4�

where kz
�0� has been replaced with kz and 	 is given as

	 =
qz

2

�S�0��2k0
2 . �5�

Equation �4� is exactly the transmission coefficient of
p-polarized light through a homogeneous slab of thickness h
characterized by a dielectric constant 	. Additionally, as the
propagation constant inside the effective medium is qz, the
effective magnetic permeability is 
= �S�0��2. More precisely,
in the two-dimensional �2D� case and for a square periodic
array, the electric permittivity is a diagonal second-rank ten-
sor with 	x=	y =	 and 	z=�. In this case, qz=�k0

2−�2 /a2

and S0=2�2a / ��d� and the permittivity shows a Drude-type
behavior in which the cutoff frequency of the hole wave-
guide acts as an effective plasma frequency �see Eq. �5��.
The effective permeability takes a constant value 
x=
y
=8a2 / ��2d2�. Interestingly, the same expressions for the
electric permittivity and magnetic permeability were ob-

tained when the concept of spoof SPP was first introduced,18

although in that case the analysis was done for a semi-
infinite slab, and not for a film of finite thickness. For the
one-dimensional �1D� case, however, 	x=	 and 	y =	z=�
with qz=k0 and S0=�a /d. Thus, the 1D structure resembles
an anisotropic dielectric medium with 	x=d /a, 
x=1, and

y =
z=a /d.19

It is interesting to notice that Eq. �4� is equivalent to the
expression that was used to demonstrate perfect lensing.1 In
the electrostatic limit, perfect lensing in an uncorrugated film
is achieved when 	→−1 because then qz=kz for all parallel
momenta k	 =�kx

2+ky
2. For this condition, Eq. �4� reduces to

t=exp�−ikzh� for all k	, which shows how evanescent waves
are amplified. For a holey metal film, however, qz is fixed by
the fundamental waveguide mode and it is not equal to kz

=�k0
2−k	

2. Thus, we conclude that perfect lensing with holey
metal films �requiring t=exp�−ikzh� for all k	� cannot be re-
alized. However, one may realize that at the Fabry-Pérot
resonance condition �qzh=m� ,m�0�, Eq. �4� simplifies sig-
nificantly to

t = eim� = �− 1�m ∀ k	 . �6�

At the Fabry-Pérot resonance condition, all incident plane
waves �both propagating and evanescent� are perfectly trans-
mitted through a holey perfect conductor film. This resonant
regime where all incoming plane waves are transmitted with
unit efficiency has been recognized before for metallic wire
media.10–13 Notice that the condition for excitation of spoof
SPPs at large parallel momenta reads qz=0, which fulfills the
Fabry-Pérot resonance condition for m=0. Therefore, within
the effective-medium limit ���d�a� and at the Fabry-Pérot
resonances, Eq. �4� predicts that a holey perfect conductor
film makes a perfect endoscope capable of transforming an
image at the input surface with subwavelength resolution to
the output surface of the film. This is the main conclusion of
this Brief Report.

For proof-of-principle purposes, here in this Brief Report
we analyze the simplest holey metal film: an infinite slit
array �Fig. 1�a��. The Fabry-Pérot resonance condition in this
case is �=2h /m with m�1. Given the input surface being at
a distance z1 from the incident field, we calculate the image
at a distance z2 from the output surface. The incident field is
p polarized with its electric field directed along the x axis
and consists of two spikes of height E0, width w, and sepa-
ration l. This field is expanded in terms of p-polarized plane
waves characterized by parallel momentum kx

�0�. From the
knowledge of the different transmission coefficients t�n� �Eq.
�2�� and by taking into account diffraction effects, it is
straightforward to calculate the electric field at the image
plane.

In order to approach the effective-medium limit where Eq.
�4� is valid and where diffraction can be safely neglected,
t�0�� t�n� for n�0 should be satisfied. For a slit array, kx

�n�

=kx
�0�+n 2�

d and kz
�n�= i�kx

�n�2−k0
2. If we choose parameters

such that ��w�d, it is obvious that the evanescent decay of
all the diffracted waves for n�0 is dominated by the term
� /d, whereas the dominant kx

�0�’s are on the order of � /w.
Hence, in the extreme near field of the output surface �z2
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0�, higher-order diffracted waves will distort the perfect
image that only can be obtained if diffraction can be com-
pletely neglected. However, one may realize that the higher-
order diffracted waves will die much faster than the zero-
order diffracted waves as w�d. Thus, if the distance from
the output surface to the image plane z2 is increased, the
higher-order diffracted waves will disappear from the image.
To illustrate this, we have calculated the image for different
distances z2 from the slit array �Fig. 2�. For details of the slit
array, incident field, and wavelength, see caption of Fig. 2. It
is clear that there are two near-field zones: one for z2
d,
where the higher-order diffracted modes from the array dis-
tort the image �Fig. 2�a�� and the other one emerges at d
�z2�w where the image of the two spikes is recovered
�Fig. 2�b�� with subwavelength resolution. Notice how the
field for z2=d is nicely reconstructed in a subwavelength
image of the source. In the absence of the holey metal film,
most information of the source would be lost at this plane
after free-space propagation �see the curve with label free
space 51d in Fig. 2�b��. This is also the case if the image
plane is located at z2�d. As seen in Fig. 2�b�, for z2
=10d ,20d it is no longer possible to distinguish the two
spikes of the incident field.

By reducing the width of the spikes and its separation
�results not shown here�, we have found that the ultimate
resolution of the endoscope is d, which is the period of the
array. This is similar to what occurs in the perfect lens in the
optical regime,1 in which the ultimate resolution would be
the interatomic distance if the absorption in the metal film
could be ignored.22 We have also checked that almost iden-

tical images are obtained for film thicknesses hm=m� /2 �m
�1� that fulfill the Fabry-Pérot resonance condition at that
particular wavelength. In this way, the thickness of the endo-
scope could be much larger than the operating wavelength.

To test the effect of the absorption in the metal and the
accuracy of the single-mode approximation, we have carried
out numerical calculations using the commercial finite ele-
ment solver provided by COMSOL MULTIPHYSICS �Fig. 3�.
We have considered a 1D slit array where the period is
d=1 
m and the relation to all the other parameters of the
film and source are the same as before �see caption of Fig. 2�.
This yields the first Fabry-Pérot resonance frequency at �0
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FIG. 2. �Color online� �Ex�x�� for different distances z2. The
distance z1 is chosen to be 0. d is used as the unit length of the
structure and the resonant wavelength is �=2h=100d. The width of
the slits is a=0.5d and the thickness of the film is h=50d. The
parameters of the incident field are E0=10, l=15d, and w=10d. In
panel �b�, it is also shown the image of the E field after free-space
propagation through a h+d distance �the curve with label free space
51d�.

−20d −10d 0 10d 20d −20d −10d 0 10d 20d
0

0.2

0.4

0.6

0.8

1

|E
x|
in

ar
bi
tr
ar
y
un

its

x
z
2
= 0 z

2
= 0.4d z

2
= 1d z

2
= 10d

Without
losses With

losses

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

b) c)

a)

x

z

FIG. 3. �Color online� �a� E-field amplitude (�Ex�x ,z��) evalu-
ated at the first Fabry-Pérot resonance. The incoming p-polarized
field is impinging from above into an opaque screen in which two
subwavelength apertures have been perforated �marked with arrows
in the figure�. The opaque screen is placed just in front of the input
surface of the structure. The output surface of the slit array is
marked by the x axis in the figure. �b� Calculation of �Ex�x�� at
different distances z2 from the slit array in which Ohmic losses in
the metal have not been included. �c� �Ex�x�� at several z2’s that
correspond to different cuts in the figure of panel �a�.
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=3 THz. Losses of the metal regions are included through
the Drude model 	m=1−�p

2 / ����+ i���, where �p=13.8
�1015 s−1 is the plasma frequency, �=1.075�1014 s−1 is
the damping constant, and the values are for gold and taken
from Ref. 23. The 2D field distribution of �Ex�x ,z�� including
losses is presented �Fig. 3�a�� and the image of the source for
different distances z2 is shown for both the cases without and
with absorption �Figs. 3�b� and 3�c�, respectively�. It is seen
that the endoscope effect in holey metal films is not very
sensitive to losses; the only difference when losses are in-
cluded is a small damping of the field when compared to the
lossless case.

In conclusion, we have shown how holey metal films can
behave as perfect endoscopes at some resonant frequencies,

i.e., they transmit light with unity efficiency for both propa-
gating and evanescent incoming plane waves. In the terahertz
regime, we have exemplified our ideas by means of a full
numerical calculation on a 1D slit array where both diffrac-
tion effects and losses were included. Our findings suggest
that holey metal films may find useful applications for sub-
wavelength imaging.
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1. Introduction

The pioneering work of Ebbesen et al. on extraordinary optical transmission (EOT)

through an optically thick metal film perforated with subwavelength holes [1] has opened

a new avenue of research within electromagnetism. This scientific avenue was first

dedicated to reveal the physics of the EOT phenomenon [2, 3, 4] and later to study light

transmission through various holey metal films [5, 6, 7] and single subwavelength holes

[8, 9, 10, 11, 12, 13, 14].

Ebbesen and co-workers discovered that holey metal films can exhibit transmission

resonances with efficiencies that are orders of magnitude larger than predicted by

standard aperture theory [15], and also pointed out that there is a link between EOT

resonances and excitation of surface plasmon polaritons (SPPs) in the film. A few years

later, this connection was substantiated with a theoretical explanation of the EOT

phenomenon [4]. Using the multiple scattering formalism, this full three-dimensional

theoretical study of EOT revealed that the enhancement of the optical transmission

is due to photon tunnelling through SPPs formed on the individual metal-dielectric

interfaces of the film. Surprisingly, the theory also predicted that EOT through holey

metal films exists even when the metal is treated as a perfect electrical conductor (PEC).

In the beginning this was considered strange because a flat PEC surface does not support

SPPs. However, it was also known that corrugated PEC surfaces indeed support bound

surface modes, and that the corrugations strongly compress the electromagnetic (EM)

field of the surface modes in the material above the surface active medium [16, 17].

More recently, it was discovered that if a PEC structure is perforated by an array

of subwavelength holes, it behaves as an effective medium where the EM waves are

governed by an effective dielectric constant which is form invariant with the dielectric

constant of a simple plasma (ε = 1 − ω2
p/ω

2) [18, 19]. In the case of a holey PEC

surface, the plasma frequency ωp is not an intrinsic material property, but it is given

by the cutoff frequency of the hole waveguides [18, 19]. This result has two important

implications. First, as the dielectric constant is reduced to the simple plasma form, it

means that a holey PEC surface can support bound surface EM modes whose properties

mimic those of canonical SPPs. This is because the interface between e.g. air and a

medium described by a dielectric constant of the simple plasma form fulfill the criteria

for the existence of bound surface modes [20, 21, 22]. However, as these geometrically-

induced SPPs (i.e. spoof SPPs) have a completely different origin than canonical SPPs,

spoof SPPs are supported for frequencies below ωp and not ωp/
√

2 as canonical SPPs

[18]. This is due to the anisotropy in the optical response of the structure. Second, as

the plasma frequency is given by the cutoff frequency of the hole waveguides, which is

strongly dependent on the size of the waveguide, this plasma frequency can be tailored

by means of the size of the holes. Recently, the existence of spoof SPPs governed by the

cutoff frequency of the hole waveguide has been experimentally verified in the microwave

regime [23]. Nowadays it is generally accepted, that EOT through holey metal films is

attributed to photon tunnelling though SPPs formed on the two surfaces of the film,
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where the SPPs can be either spoof or a mixture of spoof and canonical SPPs depending

on the conductivity of the metal. Even more generally, extraordinary transmission of

waves (matter and acoustic waves, for example) can be expected whenever the surface

of the structure supports surface modes [24, 25, 26].

Another important discovery within electromagnetism that also relies on excitation

of SPPs is superlensing. Less than ten years ago, Pendry proved that a planar film with

a refractive index of −1 can be used as an almost perfect lens that not only cancels

the phase delay of the propagating waves both also is capable of compensating the

exponential decay of the evanescent ones [27]. In this seminal work, Pendry showed

that, in the electrostatic limit where the two polarizations become decoupled, near-

field superlensing can be achieved with a thin metal slab. This has later been verified

with experiments [28, 29]. The physical mechanism behind electrostatic superlensing

is enhancement of evanescent waves by means of resonantly excited SPPs [27]. At the

spectral location where the permittivity of the metal εm fulfills −εm ∼ ε, ε being the

permittivity of the dielectric that surrounds the metal, the SPP dispersion relation

becomes virtually flat for large parallel momenta, meaning that the band of parallel

momentum where it is possible to excite SPPs becomes very broad, which results in the

superlensing effect [28].

In reference [30] we presented a theoretical analysis of holey metal films based on

the multiple scattering formalism. The original idea was to take advantage of the spoof

SPP concept in holey metal films in order to transfer Pendry’s idea of superlensing in

the optical regime to lower frequencies. We found that spoof SPPs on holey metal films

are not able to amplify the EM field associated with the incident evanescent waves as

canonical SPPs do in an un-corrugated metal film. Instead, our theoretical analysis

demonstrated that in the metamaterial limit (λ >> d, where d is the unit cell size of

the holey metal film), where diffraction effects can be neglected, and at some resonant

Fabry-Perot frequencies, all incident plane waves (both propagating and evanescent) are

transmitted with unit efficiency, meaning that a holey metal film can act as a perfect

endoscope, where an image is transferred from the input surface to the output surface

with subwavelength resolution. As a difference, in the EOT regime (λ ∼ d), where

diffraction effects are important, spoof SPPs help to enhance the incident propagating

plane waves, but their spectral location is very sensitive to the parallel momentum, i.e.,

angle of incidence.

Other examples of metamaterials that have been investigated for superlensing are

layered metal-dielectric media [31, 32, 33, 34, 35], metallic wire media [36, 37, 38, 39],

and photonic crystals [40, 41, 42, 43]. Some of these, e.g. metallic wire media, can also

work as superlenses at terahertz frequencies, where they are capable of transforming

all incoming plane waves with unit efficiency through the medium. Thus, as holey

metal films, a lens based on a metallic wire medium can transform an image with

subwavelength details across the lens. However, unlike metal wire media, holey metal

films are readily implemented and therefore much more attractive from an application

point of view. With the nanofabrication tools available today, it is considered an easy
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task to make holes in metal films even on a scale of sub-optical wavelengths. It is also

important to notice that Babinet’s principle is not applicable for screens of finite width,

so there is no obvious relation between holey metal films and metallic wire media. Hence,

the previous work on metallic wire media [36, 37, 38, 39] can not be used to explain the

optical transmission properties of holey metal films analyzed in this work.

This paper is a follow up on our short paper [30], where some of our work on

holey metal films were presented on a superior level. In this work, we present in

detail the derivation of the transmission coefficients for light transmission through holey

metal films using the modal expansion formalism. We also analyze the effective optical

properties of holey metal films and derive how holey metal films can be mapped into

anisotropic homogenous media, with optical properties determined by the geometrical

parameters of the holes in the film. Lastly, we present the superlensing effect in holey

metal films and the analysis of an endoscope consisting of a PEC film perforated with

an arrangement of periodic cut-through one-dimensional (1D) slits. Important issues,

as the ultimate resolution and optimal configuration of the holes, are also analyzed and

discussed.

The paper is organized as follows. Section 2 is devoted to set up and study the

transmission coefficients of holey metal films. 1D slit and two-dimensional (2D) hole

arrays are analyzed in individual subsections (section 2.1 and section 2.2, respectively).

In section 3 the effective optical properties of holey metal films are analyzed and section 4

presents the superlensing effect. In section 5 we deliver our conclusions.

2. Light transmission through holey metal films in the metamaterial limit

The transmission coefficients of holey metal films are derived using the quasianalytical

modal expansion formalism. The idea of the formalism is to expand the EM field in

terms of plane wave eigenmodes outside the film and in waveguide eigenmodes inside

the holes of the film. We assume that the metals of the films are PECs and the fields in

the metal regions are therefore zero. The PEC assumption is valid for zero frequency

and all the way up up to terahertz frequencies. We also assume that the media outside

the film and within the holes are the same, described by a dielectric constant ε = 1.

We consider an incident p-polarized plane wave with parallel momentum described by

kx (thus ky = 0). Inside the holes several waveguide modes will be excited by the

incident field but, in the metamaterial limit, only the fundamental waveguide mode will

be important for the transmission properties, as all higher order modes are strongly

evanescent [4]. By matching the EM fields at the input and output surfaces a self

consistent set of linear equations is obtained.

2.1. 1D slit array

First we analyze an array of 1D apertures (slits) drilled in a PEC film of thickness h.

The width of the slits is a and the size of the unit cell is d. The coordinate system is
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chosen such that the z axis is perpendicular to the film plane, and z = 0 and z = h are

the positions of the input and output surfaces of the film, respectively [figure 1].

Figure 1. 1D film perforated with subwavelength slits. The film thickness is h, the
width of the slits is a, and the size of the unit cell is d. The film is illuminated
from region 1 by a p-polarized incident field characterized by the parallel momentum
k‖ = kx.

We consider the case where the film is illuminated by a p-polarized plane wave,

which only has parallel momentum along the x axis (k‖ = kx). The EM field associated

with the incident field at point ~r = (x, z) is given as

Ei(~r) =
1√
d
eikxxeikzz

(
x̂− kx

kz

ẑ

)
; Hi(~r) =

Y√
d
eikxxeikzzŷ , (1)

where Y = k0/kz is the admittance, kz =
√

k2
0 − k2

x, k0 = ω/c, ω is the angular

frequency and c is the speed of light in vacuum. The refracted and transmitted plane

waves associated with the nth-order of diffraction can be written as

E(n)(~r) =
1√
d
eik

(n)
x xe±ik

(n)
z z

(
x̂− k

(n)
x

k
(n)
z

ẑ

)

H(n)(~r) =
±Y (n)

√
d

eik
(n)
x xe±ik

(n)
z zŷ

, (2)

where + is used for the transmitted plane waves in region 3 and - is used for reflected

plane waves in region 1 [see figure 1], k
(n)
x = kx + n2π/d, k

(n)
z =

√
k2

0 − k
(n)2
x and

Y (n) = k0/k
(n)
z . The EM field associated with the fundamental TEM waveguide mode

inside the slits, α, can be written as

Eα(~r) =
1√
a
e±ik0zx̂; Hα(~r) =

±Yα√
a

e±ik0zŷ, (3)

where - is used in the case of backward propagating TEM waveguides modes and the

admittance is Yα = k0/k0 = 1. The x component of the electric field Ex, that must

be continuous at every point within the unit cell, can be expanded in terms of the

eigenmodes in the three different regions (before, in, and after the film) as

|E1
x〉 = |kx〉eikzz +

∞∑

n=−∞
ρ(n)|k(n)

x 〉e−ik
(n)
z z

|E2
x〉 = |α〉

(
Aeik0z + Be−ik0z

)

|E3
x〉 =

∞∑

n=−∞
t(n)|k(n)

x 〉eik
(n)
z (z−h)

, (4)
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where we have introduced the Dirac notation as

〈r|k(n)
x 〉 =

eik
(n)
x x

√
d

, 〈r|α〉 =
1√
a
, and 〈r| ~E〉 ≡ ~E(~r), (5)

ρ(n) and t(n) are the nth-order reflection and transmission coefficients, respectively, and

A and B are the constants of the linear combination of the forward and backward

propagating TEM waveguide modes within the holes. The magnetic field H = Hyŷ

which must be continuous only across the holes, can be related to Ex as −µz × H =

±Y (n)Exx̂ using the Maxwell equations, where µz is a unit vector along the z direction.

Thus, in the three regions

−µz × |H1〉 = Y |kx〉eikzz −
∞∑

n=−∞
ρ(n)Y (n)|k(n)

x 〉e−ik
(n)
z z

−µz × |H2〉 = |α〉
(
Aeik0z −Be−ik0z

)

−µz × |H3〉 =
∞∑

n=−∞
t(n)Y (n)|k(n)

x 〉eik
(n)
z (z−h)

, (6)

must be continuous only over the holes. By matching parallel components of the electric

field in equation (4) using standard boundary conditions at z = 0 and z = h and then

projecting the equations into the set 〈k(n)
x | one readily obtains

t(n) = −S(n)E ′; ρ(n) = −δ0,n + S(n)E, (7)

where δ is the Kronecker delta function, E = A + B, E ′ = −(Aeik0h + Be−ik0h) and

S(n) = 〈α|k(n)
x 〉 is the overlap integral between an nth-order plane wave and the TEM

waveguide mode given as

S(n) =
1√
ad

∫ a/2

−a/2

e−ik
(n)
x xdx =

√
a

d
sinc

(
k

(n)
x a

2

)
. (8)

By matching equation (6) at z = 0 and z = h, projecting the equations into the set 〈α|,
and substituting with equation (7) one obtains after some algebra a self consistent set

of linear equations in E and E ′

(G− Σ)E − E ′GV = I0 (9)

(G− Σ)E ′ − EGV = 0,

where I0 = 2iY (0)S(0)∗, G = i
∑∞

n=−∞ Y (n)|S(n)|2, Σ = 1/ tan(k0h), and GV =

1/ sin(k0h). Solving for E ′ in equation (9) and substituting into equation (7) yields

an expression for the transmission coefficients

t(n) =
−S(n)I0G

V

(G− Σ)2 −GV 2
. (10)

By substituting for I0, GV and Σ this can, after some algebra, be rewritten as

t(n) =
4Y (0)S(0)∗S(n)eik0h

e2ik0h(G− i)2 − (G + i)2
. (11)
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In the metamaterial limit all diffraction effects can be neglected, and the transmission

coefficient t ≡ t(0) can be reduced to

t =
4Y (0)|S(0)|2eik0h

[1 + Y (0)|S(0)|2]2 − [1− Y (0)|S(0)|2]2 e2ik0h
. (12)

Equation (12) coincides with the general expression stated in reference [30] for the case

of a 1D slit array. As a difference, in reference [30] the multiple scattering formalism

was used in the derivation of t.

2.2. 2D hole array

Now we consider PEC films perforated with a periodic 2D array of square holes. The

hole area size is a× a, the unit cell size of the lattice is d× d, and the thickness of the

film is h. The coordinate system is chosen such that the z axis is perpendicular to the

film plane and z = 0 and z = h are located at the input and output surfaces of the film,

respectively [figure 2]. Again we consider the case where the film is illuminated by a p

Figure 2. 2D perfect conductor film perforated by a× a square subwavelength holes
in a d× d lattice. The film thickness is h, and the film is illuminated from region 1 by
a p polarized plane wave with parallel momentum kx.

polarized plane wave (k‖ = kx). The EM field associated with the incident field may be

written as

Ei(~r) =
1

d
eikxxeikzz

(
x̂− kx

kz

ẑ

)
; Hi(~r) =

Y

d
eikxxeikzzŷ, (13)

where Y = k0/kz is the admittance. The EM field outside the metal film is expanded in

p- and s-polarized plane wave eigenmodes. The EM field associated with an n, m order
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diffracted eigenmode may be expressed as

E(n,m)
p (~r) =

1

d
eik

(n)
x xeik

(m)
y ye±ik

(n,m)
z z

(
k

(n)
x

k
(n,m)
‖

x̂ +
k

(m)
y

k
(n,m)
‖

ŷ −
k

(n,m)
‖

k
(n,m)
z

ẑ

)

E(n,m)
s (~r) =

1

d
eik

(n)
x xeik

(m)
y ye±ik

(n,m)
z z

(
−k

(n)
y

k
(n,m)
‖

x̂ +
k

(m)
x

k
(n,m)
‖

ŷ

)

H(n,m)
p (~r) =

±Y
(n,m)
p

d
eik

(n)
x xeik

(m)
y ye±ik

(n,m)
z z

(
−k

(n)
y

k
(n,m)
‖

x̂ +
k

(m)
x

k
(n,m)
‖

ŷ

)

H(n,m)
s (~r) =

±Y
(n,m)
s

d
eik

(n)
x xeik

(m)
y ye±ik

(n,m)
z z

(
−k

(n)
x

k
(n,m)
‖

x̂ +
−k

(m)
y

k
(n,m)
‖

ŷ +
k

(n,m)
‖

k
(n,m)
z

ẑ

)

(14)

where the subscripts p and s refer to p and s polarization, + is used for the transmitted

eigenwaves in region 3, - is used for reflected eigenwaves in region 1, k
(x)
x = kx + 2πn/d,

k
(m)
y = 2πm/d, k

(n,m)
z =

√
k2

0 − k
(n)2
x − k

(m)2
y , k

(n,m)
‖ =

√
k

(n)2
x + k

(m)2
y , and the

admittances are Y
(n,m)
p = k0/k

(n,m)
z and Y

(n,m)
s = k

(n,m)
z /k0. As the EM boundary

conditions only require continuity of the parallel components (x and y) of E and H, we

disregard the z component and introduce bivectors in order to apply matching conditions

at z = 0 and z = h. The bivectors for p and s polarization are given as

〈r|k(n,m)p〉 =
eik

(n)
x xeik

(m)
y y

dk
(n,m)
‖

(
k(n)

x x̂ + k(m)
y ŷ

)

〈r|k(n,m)s〉 =
eik

(n)
x xeik

(m)
y y

dk
(n,m)
‖

(
−k(m)

y x̂ + k(n)
x ŷ
)

(15)

respectively. By means of Eq. (15), we can express the parallel components of the

eigenmodes outside the film as

|E(n,m)
σ 〉 = |k(n,m)σ〉e±ik

(n,m)
z z

−µz × |H(n,m)
σ 〉 = ±Y (n,m)

σ |k(n,m)σ〉e±ik
(n,m)
z z

(16)

where σ is the polarization (either p or s). The EM field of the fundamental TE01

waveguide mode within the holes α can be written as

Eα(~r) =

√
2

a
sin(k′yy +

π

2
)e±ik′zzx̂

−µz ×Hα(~r) =
±Yα

√
2

a
sin(k′yy +

π

2
)e±ik′zzx̂

(17)

where − is used for backward propagating TE01 waveguide modes, k′y = π/a, k′z =√
k2

0 − (π/a)2, and the admittance of the hole waveguide mode is given as Yα = k′z/k0.

Note, that primed wave vectors are used inside the holes. As in the 1D case the parallel

components of the field in the three regions [Fig. 2] can be expanded in terms of the
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eigenmodes

|E1〉 = |k(0,0)p〉eik
(0,0)
z z +

∑

σ

∞∑

n,m=−∞
ρ(n,m)

σ |k(n,m)σ〉e−ik
(n,m)
z z

|E2〉 = |α〉
[
Aeik′zz + Be−ik′zz

]

|E3〉 =
∑

σ

∞∑

n,m=−∞
t(n,m)
σ |k(n,m)σ〉eik

(n,m)
z (z−h)

−µz × |H1〉 = Y (0,0)
p |k(0,0)p〉eik

(0,0)
z z −

∑

σ

∞∑

n,m=−∞
Y (n,m)

σ ρ(n,m)
σ |k(n,m)σ〉e−ik

(n,m)
z z

−µz × |H2〉 = Yα|α〉
[
Aeik′zz −Be−ik′zz

]

−µz × |H3〉 =
∑

σ

∞∑

n,m=−∞
t(n,m)
σ Y (n,m)

σ |k(n,m)σ〉eik
(n,m)
z (z−h)

(18)

By applying a scheme similar to the 1D case, we obtain equations for the reflection and

transmission coefficients as

ρ(n,m)
σ = −δn,0δm,0δσ,p + S(n,m)

σ E; t(n,m)
σ = −S(n,m)

σ E ′, (19)

and a set of linear equations in E = A + B and E ′ = −(Aeik′zh + Be−ik′zh) which

is form invariant with equation (9). For 2D hole arrays I0 = i2Y
(0,0)
p S

(0,0)∗
p , G =

i
∑

σ

∑∞
n,m=−∞ Y

(n,m)
σ |S(n,m)

σ |2, Σ = Yα/ tan(k′zh), GV = Yα/ sin(k′zh), and S
(n,m)
σ is the

overlap integral between an eigenmode (of diffraction order n,m and polarization σ) and

the fundamental TE01 waveguide mode. The overlap between the p polarized incident

field and the waveguide mode is given as

S(0,0)
p =

√
2

ad

∫ a/2

−a/2

∫ a/2

−a/2

eikxx sin
(π

a
y +

π

2

)
dxdy

=
2
√

2a

dπ
sinc(kxa/2), (20)

and in general the overlap integral for p polarization yields

S(n,m)
p =

√
2k

(n)
x

adk
(n,m)
‖

∫ a/2

−a/2

∫ a/2

−a/2

eik
(n)
x eik

(m)
y y sin

(π

a
y +

π

2

)
dxdy

=
−2π

√
2k

(n)
x asinc(k

(n)
x a/2) cos(k

(m)
y a/2)

dk
(n,m)
‖ (k

(m)
y a + π)(k

(m)
y a− π)

. (21)

For s-polarization, the general overlap integral can be readily found as S
(n,m)
s =

−k
(m)
y S

(n,m)
p /k

(n)
x . By solving for E ′ in equation (9), substituting into equation (19),

and using the analytical expressions for GV , Σ and I0, one obtains after some algebra a

final result for the transmission coefficients of 2D hole arrays

t(n,m)
σ =

4YαY
(0,0)
p S

(0,0)∗
p S

(n,m)
σ eik′zh

e2ik′zh(G− iYα)2 − (G + iYα)2
. (22)
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In the metamaterial limit, where all diffraction effects can be neglected, the only non-

zero transmission coefficient t ≡ t
(0,0)
p [S ≡ S

(0,0)
p and Y ≡ Y

(0,0)
p ] reduces to

t =
4YαY |S|2eik′zh

[Yα + Y |S|2]2 − [Yα − Y |S|2]2 e2ik′zh
, (23)

which coincides with the general expression stated in reference [30] for the case of a 2D

hole array.

3. Effective medium theory of holey metal films in the metamaterial limit

In this section we present a scheme for deriving effective optical parameters of

holey metal films. Using these, holey metal films can effectively be mapped into

anisotropic homogenous media. The method is to set up expressions for the transmission

coefficients of anisotropic homogenous films, compare them with the metamaterial limit

transmission coefficients of holey metal films [equation (12) for 1D slit arrays and

equation (23) for 2D hole arrays] and, from the comparison, extract the effective optical

parameters of the holey metal films. We present the full scheme for 2D hole arrays. For

1D slit arrays we only present the starting point and the final results. In the case of

a 1D slit array, the starting point is that a corresponding anisotropic homogenous film

would have permittivity and permeability tensors on the form [19]

ε̄−1
1D =




ε−1
x 0 0

0 0 0

0 0 0


 ; µ̄−1

1D =




1 0 0

0 µ−1
y 0

0 0 µ−1
z


 . (24)

In the case of a 2D hole array with square holes in a square lattice, symmetry requires

that the response tensors have diagonal elements on the form εx = εy = ε‖ and

µx = µy = µ‖. Furthermore as the fundamental waveguide mode within the holes shows

no dispersion with the parallel momentum a further requirement is εz = µz = ∞ [18, 19].

The relative permittivity and permeability tensors of a corresponding anisotropic

homogenous film therefore take the form

ε̄−1
2D =




ε−1
‖ 0 0

0 ε−1
‖ 0

0 0 0


 ; µ̄−1

2D =




µ−1
‖ 0 0

0 µ−1
‖ 0

0 0 0


 . (25)

We now start the derivation for 2D hole arrays. The first step is to set up the

transmission coefficient for light through an anisotropic homogenous film of thickness h

using the response tensors of equation (25) [figure 3]. We consider monochromatic plane

waves, where ∇× → ik× and ∂/∂t → −iω. Starting from the Maxwell curl equations

in k and ω space, the wave equation of the electric displacement D within the film can

be written as

k2
0D = −k′ × µ̄−1

2Dk′ × ε̄−1
2DD = −ε−1

‖ µ−1
‖



−k

′2
z 0 0

0 −k
′2
z 0

k′xk
′
z k′yk

′
z 0


D, (26)
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τ τ’

Figure 3. Light transmission through an anisotropic film of thickness h.

Note again, that primed wave vectors are used inside the film. Equation (26) has two

degenerate non-trivial solutions, where for p polarization the important is

D = k′xx̂ + k′yŷ −
k
′2
x + k

′2
y

k′z
ẑ, with k

′2
z = k2

0ε‖µ‖. (27)

For a p polarized incident field the wave vector in vacuum outside the film is given as

ki = kxx̂+kz ẑ. This leads to a solution of the wave equation of the electric displacement

in vacuum as

Di = kzx̂− kxẑ, with k2
0 = k2

x + k2
z . (28)

The EM boundary conditions are that Ex and Dz must be continuous across the

interface. Matching Ex and Dz at both z = 0 and z = h [figure 3] yields two-media

transmission and reflection coefficients as

τ =
2ε‖k′zkz

(ε‖kz + k′z)kx

; τ ′ =
2kx

ε‖kz + k′z
; r = r′ =

ε‖kz − k′z
ε‖kz + k′z

. (29)

The transmission through the entire film is given by summing all the multiple scattering

events, which yields

t =
ττ ′eik′zh

1− r′2e2ik′zh
=

4ε‖k′zkze
ik′zh

(ε‖kz + k′z)
2 − (ε‖kz − k′z)

2e2ik′zh
. (30)

By comparing equation (30) with equation (23) (the metamaterial limit transmission

coefficient of 2D hole arrays) an expression for ε‖ can be extracted. First we substitute

for Y = k0/kz and Yα = k′z/k0 in equation (23) and rearrange, this yields

t =
4 k

′2
z

|S|2k2
0
k′zkze

ik′zh

( k′2z
|S|2k2

0
kz + k′z)

2 − ( k′2z
|S|2k2

0
kz − k′z)

2e2ik′zh
, (31)

which after comparison with equation (30) yields

ε‖ =
k
′2
z

|S|2k2
0

=
d2π2

8a2sinc2(kxa/2)

(
1− π2c2

a2ω2

)
, (32)
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where equation (20), k′z =
√

k2
0 − (π/a)2, and k0 = ω/c have been used. In the

metamaterial limit, where λ is large, kxa is small, and ε‖ can be approximated as

ε‖ =
d2π2

8a2

(
1− ω2

p

ω2

)
, (33)

where ωp = πc/a. As k
′2
z = k2

0ε‖µ‖, we immediately see from equation (32) that in the

long wavelength limit [sinc(kxa/2) ≈ 1]

µ‖ = |S|2 =
8a2

d2π2
. (34)

Equations (25), (33), and (34) present the effective EM response of a 2D holey metal film

in the metamaterial limit. From equations (34) and (33) it is seen that the corresponding

anisotropic homogenous film is described by a constant effective permeability and an

effective permittivity on the canonical plasma form, where the cutoff frequency of

the hole waveguide [πc/a] plays the role of an effective plasma frequency. The same

expressions where obtained when spoof SPPs were first predicted [18], although in that

work the analysis was based on an infinite thick surface perforated with subwavelength

holes and not on a film of finite thickness h.

In the 1D case the effective optical parameters become

εx =
d

a sinc2(kxa/2)
≈ d

a
; µy = µz =

a sinc2(kxa/2)

d
≈ a

d
µx = 1 (35)

which together with equation (24) present the effective optical parameters of a 1D slit

array in the metamaterial limit [19].

Our analysis show how holey metal films effectively can be mapped into homogenous

media with optical properties predominantly controlled by the geometrical parameters

of the holes (d and a). This is important because optical material properties normally

is regarded as an intrinsic property which is related to the underlying electronic states

and therefore is difficult to change or control [44].

4. Superlensing effects in holey metal films

Now we consider superlensing effects in holey metal films. By superlensing we mean

lensing capable of producing an image with details on a deep subwavelength scale.

In Ref. [27] Pendry showed that a thin homogenous isotropic metal slab can be used

as an electrostatic near-field superlens for p-polarization. By using two-media Fresnel

reflection and transmission coefficients and by summing all multiple scattering events

Pendry derived the transmission coefficient for p polarization as

t =
4εk′zkze

ik′zh

(εkz + k′z)
2 − (εkz − k′z)

2e2ik′zh
(36)

where ε is the dielectric constant of the homogenous isotropic slab, k′z = i
√

k2
x + k2

y − εµk2
0

is the z component of the wavevector inside the slab, kz = i
√

k2
x + k2

y − k2
0 is the z

component of the wave vector in vacuum outside the slab, and h is the thickness of the
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slab [27]. In the electrostatic limit where k0 ¿
√

k2
x + k2

y the two z components of the

wave vectors become identical k′z = kz [27]. With this in mind, it is easy to see from

equation (36) that the dependence of µ completely disappears for p-polarization in the

electrostatic limit. If we take the limit of the SPP resonance frequency ε = −1, the

transmission coefficient of p-polarization in the electrostatic limit simplifies as

t = e−ikzh, ∀
√

k2
x + k2

y, (37)

It is important to notice that equation (37) is truly independent of the parallel

momentum, which means that not only the phase of propagating waves is corrected,

but also evanescent waves are exponentially amplified across the lens. Thus, the proper

alignment of the source, the lens, and the image plane enables near-field perfect lensing

where both propagating and evanescent waves contribute to the reconstruction of the

image.

In the previous section we derived the effective optical parameters of 2D hole arrays

by requiring that the transmission coefficients of equation (30) and equation (31) must

be identical. By comparing these two equations with the transmission coefficient derived

by Pendry [equation (36)] it can be seen that they all three are form invariant. This

is also the case for the transmission coefficient of slit arrays [equation (12)], if it is

properly rewritten. Thus, in the metamaterial limit, transmission coefficients of both

1D and 2D holey metal films can be rewritten such that they are form invariant with the

expression that Pendry used to demonstrate near-field perfect lensing. Even though that

this is indeed true, it can readily be shown that perfect lensing is not possible utilizing

holey metal films. Pendry’s perfect lens relies of the fact that the z components of the

wave vectors inside and outside the lens become identical for all parallel momentums.

This can be achieve for a homogenous isotropic film either with a negative refractive

index of n = −1, where perfect lensing can be realized for both polarizations, or in the

electrostatic limit where k′z becomes identical to kz, as shown above. In the electrostatic

limit the two polarizations simply become decoupled and for p-polarization perfect

lensing can be realized with only ε = −1. Likewise, for s polarization electrostatic

perfect lensing can be achieved with only µ = −1. For holey metal films, however,

the condition k′z = kz for all parallel momenta, cannot be met. As a difference to a

homogenous isotropic film, the z component of the wave vector inside holey metal films

is not a function of the parallel momentum; instead it is constant and fixed by the

fundamental waveguide mode. As the z component of the wave vector outside the film

is always a strong function of the parallel momentum, we can therefore conclude that

perfect lensing, as suggested by Pendry in reference [27] for isotropic homogenous films,

cannot be realized with holey metal films.

A second difference between holey metal films and a homogenous metal film is

related to the difference between canonical SPPs and spoof SPPs. In the electrostatic

limit perfect lensing for a homogenous metal film is achieved at the SPP resonance

frequency where ε = −1. The resonance frequency of spoof SPPs of holey metal films,

on the other hand, is not at ε‖ = −1, but ε‖ = 0 [18]. Thus, in the limit ε‖ = −1,
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where the transmission coefficient would simplify to equation (37) if k′z = kz were true

for all k‖, there is no well defined resonantly excited spoof SPPs, and hence no physical

mechanism behind a possible exponential enhancement of evanescent waves across the

lens. This again prevents perfect lensing by means of holey metal films.

However, as k′z is fixed by the fundamental waveguide mode (independently of

the parallel momentum), another interesting phenomenon which can be used for

superlensing exists in holey metal films. If the fixed k′z fulfill the condition k′zh = mπ,

the transmission coefficient of holey metal film simplifies significantly

t = (−1)m ∀ kx, (38)

which can be seen by substituting k′zh = mπ into equation (30). k′zh = mπ is the well

known Fabry-Perot resonance condition. Equation (38) tells us that at some resonance

wavelengths, a holey metal film can work as a perfect endoscope that is capable of

transforming all waves independent of the parallel momentum from the input to the

output side of the film. This means that holey metal films can transform an image with

subwavelength details across the film and therefore work as a superlens. In contrary

to the perfect lens where evanescent waves are amplified across the lens, holey metal

films do not amplify the evanescent waves and therefore can not cancel the evanescent

decay of evanescent waves outside the film. Previous work on wire media also discovered

a resonant regime where all incoming plane waves are transmitted with unit efficiency

through the structure; this regime was named the canalization regime [42]. For 1D slit

and 2D square hole arrays k′z is k0 and
√

k2
0 − (π/a)2, respectively. This yields resonance

wavelengths for 1D slit and 2D square hole arrays as

λm =
2h

m
for m ≥ 1; λm =

2√(
m
h

)2
+
(

1
a

)2 for m ≥ 0, (39)

respectively. In the metamaterial limit, where λ >> d > a, k′z for 2D square hole arrays

becomes imaginary and it is seen that the resonance condition k′zh = mπ can not be

fulfilled. However, there are two ways to fix this problem. The holes can either be filled

with a material with a large dielectric constant εh or the holes can be made rectangular

with ay >> ax. In the first case k′z will be
√

εhk2
0 − (π/a)2, which is a real number for

large εh, and in the second case k′z will be
√

k2
0 − (π/ay)2, which is real if ay is in the

order of the wavelength.

In order to proof that holey metal films can work as endoscopes, and to support

our ideas, we investigate what happens when diffraction effects are included. Using the

modal expansion formalism, we present numerical calculations including all diffraction

modes needed to achieve convergence, and study in detail the imaging properties of the

simplest holey metal film: a 1D slit array.

4.1. Imaging properties of slit arrays

Starting with an incident EM field at a source plane on one side of the slit array, we

calculate the field at an image plane on the other side. The distance between the source
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plane and the slit array is denoted by z1 and the distance between the slit array and

image plane is z2 [figure 4]. We choose a p polarized (Ei = Ei
x) incident field which

z
2

z
1

Source plane

Image plane

Lens

Figure 4. An incident field at a source plane in a distance z1 from the lens is
propagated through the lens and to an image plan in a distance z2 from the lens.

consists of two subwavelength w wide spikes separated by a subwavelength center-to-

center gap distance l

Ei
x(x) =

{
E0 for −l−w

2
< x < −l+w

2
and l−w

2
< x < l+w

2

0 otherwise
. (40)

A schematic of the incident field at the source plane can be seen in the inset of figure 5

b). Its Fourier space representation Ei
x(kx) is given as

Ei
x(kx) = 2E0w cos(kxl/2)sinc(kxw/2), (41)

and the field at the image plane is calculated as

Ex(x) =
1

2π

∫ ∞

−∞
Ei

x(kx)E
o
x(kx)e

ikzz1dkx, (42)

where Eo
x(kx) is the Fourier space representation of the field at the output side of the

slit array, given as a sum over all the diffracted plane waves

Eo
x(kx) =

∞∑

n=−∞
t(n)eik

(n)
x xeik

(n)
z z2 , (43)

where t(n) is the transmission coefficients specified in equation (11).

We start the analysis of the slit array endoscope by introducing a configuration

of parameters that specifies what we will refer to as the standard configuration of the

endoscope. Investigations on how the various parameters of the endoscope affects the

imaging properties of the system will be performed within the standard configuration

for comparison purposes. To study subwavelength imaging the wavelength must be

chosen larger than the parameters specifying the source λ >> w, l, and to enter the into

metamaterial limit, the unit cell size of the slit array must be chosen smaller than the

operating wavelength λ >> d. As we are working in the PEC limit, where all results are

scalable, all length parameters of the standard configuration are specified with respect

to the unit length of the slit array, d. The standard parameters of the endoscope are

presented in table 1. First we will investigate the evolution of the image as the distance

between the lens and the image plane z2 is increased [figure 5]. In a) the image of the
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Table 1. Parameters of the standard configuration of the slit array endoscope. Notice,
that λ = 2h is chosen as the operating wavelength. This is the first Fabry-Perot
resonance with m = 1.

Symbol Description Value

a width of the slits 0.5d

h thickness of the slit array 50d

λ wavelength 100d

l center-to-center distance between spikes 15d

w width of the spikes 5d

E0 strength of the spikes 10
z1 distance between lens and image plane 0
z2 distance between source plane and lens d
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x
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Figure 5. (Color online) |Ex(x)| at the image plane for different distances z2. All
other parameters are specified by the standard configuration, see table 1.

source is calculated for different z2’s, all smaller than the period of the slit array. It is

seen that when z2 is small compared to d the image of the source is distorted by the

higher order diffracted waves. This is because, close to the lens, the strongly evanescent

higher order diffracted waves are present and will distort the perfect image that only

could be obtained if all diffraction effects could be completely neglected, as they were

in the derivation of equation (38). However, as the higher order diffracted waves are

more strongly evanescent than the zero order diffracted waves, they can be excluded

from the image if the distance z2 is increased. This is presented in figure 5 b), where

z2 is equal to or larger than the period of the array d. Notice how the image of the

subwavelength incident field is nicely reconstructed in an image with subwavelength

resolution for z2 = d (blue curve). Also shown in b) is the image after free space

propagation through a distance h + d (the curve with legend fs 51d). To illustrate the

effect of the slit array this free space propagation image must be compared to the image

at z2 = d. It is seen that in the absence of the lens most information of the source is lost

at this plane, whereas if the lens is present a nice subwavelength image of the source

is revealed. At distances z2 = 10d, 20d, 50d it is seen that it is no longer possible to
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distinguish the two spikes of the incident field. At the distance z2 = 50d the image is

almost identical to the image of the free space propagation of 51d, which indicates that

the incident field is almost perfectly transmitted from the input to the output side of

the slit array.

To illustrate that the endoscope effect in holey metal films is a resonant

phenomenon, we next investigate how the image change if the wavelength is varied.

The image is calculated for wavelength at and between the first and second order Fabry-

Perot resonances (λ = 2h = 100d and λ = h = 50d, respectively) [figure 6]. At the two

−20d −10d 0 10d 20d
0

2

4

6

8

10

x

|E
x|

 

 

λ = 50d

λ = 60d

λ = 70d

λ = 80d

λ = 90d

λ = 100d

Figure 6. (Color online) |Ex(x)| at the image plane for different wavelengths. All
other parameters are specified by the standard configuration, see table 1.

Fabry-Perot resonances almost identical images are obtained, whereas the image can be

heavily distorted if the wavelength is off-resonance. The calculations show that the two

Fabry-Perot resonances are approached in a different manner. For a wavelength close to

the first Fabry-Perot resonance some features of the incident field can be recognized in

the image, whereas for wavelength close to the second Fabry-Perot resonance the field is

strongly oscillating and it is impossible to see features of the incident field at the image

plane.

In order to show that the thickness of the slit array can be much larger than the

operating wavelength, we have calculated the image for a series of thicknesses, all of

them fulfilling the Fabry-Perot resonance condition hm = mλ/2(m ≥ 1) [figure 7 a)].

The same result is obtained for all three different thicknesses, even for the thickness

h20, where the slit array endoscope is 10 times thicker than the operating wavelength.

This indicates that, as long as the thickness of the endoscope match the Fabry-Perot

resonance condition for a given wavelength, the slit array endoscope can be made almost

arbitrary thick.

In reference [30] we presented a full numerical calculation including both diffraction

effects and losses, where the result showed that losses in the metal (at least in the

terahertz-regime) do hardly have any effect of the imaging properties of the slit array
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Figure 7. (Color online) a) |Ex(x)| at the image plane for different thicknesses of the
slit array. b) |Ex(x)| at the image plane for different hole sizes a. All other parameters
are specified by the standard configuration, see table 1.

endoscope. The effect of including losses in the metal was a small overall damping of the

field at the image plane. Thus, even in the terahertz regime, a slit array superlens can be

made very thick and is therefore capable of transforming an image with subwavelength

resolution over several wavelengths (into the far-field zone of the source). The possibility

of a large z-shift of a subwavelength image is very attractive from a technological point

of view, where superlenses based on holey metal films may find many useful applications.

One example could be in a scanning near-field optical microscope, where holey metal

film superlenses could enable near-field optical probing in a situation where the probe

is in the far-field zone of the sample.

In figure 7 b) we investigate how the image change when we vary the width of the

slits. The results show a tendency of a slightly better image when the slits are large

compared to the metal regions between them. However, the image is only marginally

modified when a is varied, even if the change in a is large, as e.g from a = 0.1d to

a = 0.9d (blue and green curve, respectively).

In order to clarify how well can the slit array endoscope resolve an image, we have

made calculations where starting from the standard configuration and reducing in steps

the center-to-center distance between the two spikes of the incident field, l, until the

gap between them closes [figure 8]. The results show how the dip between the two

spikes disappears as the two spikes approach each other. However, even for a gap size

of only d (the dashed green curve for l = 6d) the two spikes of the source field can still

be distinguished in the image. To further investigate the ultimate resolution of the slit

array endoscope we have made calculations where the width of the two spikes in the

incident field is varied [figure 9 a)], showing how the strength of the field is damped as

the width of the two spikes is reduced. For a width of only d the lens is still capable of

producing an image where the main features of the source still easily can be recognized.



Light transmission properties of holey metal films 19

−20d −10d 0 10d 20d
0

2

4

6

8

10

x

|E
x|

 

 

l = 15d
l = 14d
l = 13d
l = 12d
l = 11d
l = 10d
l = 9d
l = 8d
l = 7d
l = 6d
l = 5d

w w

x

E x

E 0

0

l

Figure 8. (Color online) The gap between the spikes in the incident field is in steps
reduced to zero. All other parameters are specified by the standard configuration, see
table 1.
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Figure 9. (Color online) a) |Ex(x)| at the image plane for different widths of the
spikes in the incident field. b) The width of the spikes in the incident field is reduced
to d and the gap between the spikes is in steps reduced to zero. All other parameters
are specified by the standard configuration, see table 1.

In the ultimate test of the resolution of the slit array endoscope, the distance between

two spikes of width d is reduced in steps to zero [figure 9 b)]. Here it is seen that,

even when two spikes of width d are separated by only a gap size of d, the dip in the

field between the two spikes can be distinguished in the image produced by the slit

array endoscope. We therefore conclude that the ultimate resolution of the slit array

endoscope is in the range of the period of the slit array d. This is similar to the perfect

lens in the optical regime suggested by Pendry [27], where the ultimate resolution would

be the inter-atomic distance between the atoms in the lattice if absorption in the metal

could be ignored [45].
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5. Conclusion

Light transmission properties of holey metal films in the metamaterial limit, where

the operating wavelength is much larger than the unit length of the holey metal films,

have been analyzed with focus on effective medium theory and superlensing effects.

Transmission coefficients of both 1D slit and 2D hole arrays have been derived in

the perfect conductor approximation using the modal expansion formalism. We have

presented the effective medium theory of holey metal films, which shows how such films

can effectively be mapped into anisotropic homogenous film with optical properties

dictated by the geometrical parameters of the holes, e.g. in the case of a 2D hole array,

the x and y components of the diagonal relative permittivity tensor shows a Drude-

like behavior, where the cut-off wavelength of the hole waveguide λ = 2a plays the

role of an effective plasma frequency. We have showed that holey metal films in the

metamaterial limit have superlensing properties and can work as endoscopes capable of

transforming a subwavelength image from the input to the output surface of the film. If

the operating wavelength matches the Fabry-Perot resonance condition of the structure,

the metamaterial limit transmission coefficient for p-polarization simplifies significantly

and becomes unity independent of the parallel momentum, meaning that all EM waves,

both propagating and evanescent, are perfectly transmitted though the film. Using the

derived modal expansion transmission coefficients, the imaging properties of a 1D slit

array endoscope have been analyzed. The analysis shows that the ultimate resolution

of an endoscope, based on a 1D perfect conductor film periodically perforated with

subwavelength apertures is of the order of the unit cell size and that such an endoscope

is capable of transforming an image with subwavelength resolution into the far-field

zone of the source. All these properties of holey metal films make them attractive

from a technological point of view and we are confident that they will find many useful

applications within near-field imaging.
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